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Abstract 
Several fundamental mathematical methods in ·water polJ_ution control are 
studied. A finite element & linear programming method (FELP Method; ors 
the F.E. & L.P. Method), a transient finite element & linear prograrmning 
method (T. FELP Method) and a finite difference & 1:\_near progra.mm:i.ng 
method (FDLP Method, or, the F.D. & L.P. Met,hod) have been developed and 
systematized in order to solve systems of differential equations '\d th both 
equality or inequality constraints and an objective function, Such systems 
are frequently encountered in various engineering and scientific problems 
of control and optimal design and, especially, are of interest in 
environmental and water resources problems. FELP Method and T, FELP Method 
have been developed and systematized by the combined use of finite element 
method and.. linear programming. In a manner similar to FELP Method, FDLP 
Method has been systematized. An efficient computational algorithm for 
the proposed methods is developed by taking note of the fact that the 
proposed methods have special structures. The applicability of the 
proposed methods is shown through numerical examples of ·wat.er ~Jollution 
problems governed by the convective diffusion equation" The proposed 
methods make it possible to obtain not only the optimal discharges ~rom 
the various types of outfall to meet water quality requirements, but also 
the distribution patterns of several water qualities in the water basin· 
simultaneously. The proposed methods give us new criteria fer selecting 
the locations of outfalls and optimal volumes of discharged waste water. 
The proposed methods may become useful techniques for analysis~ planning 
and assessment, in environmental and water resources problems, An 
am'.lytical method based on double Fourier series is also developeQ in 
order to check the computations of FELP Method and FDLP Method, 
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Chapter 1 
X lffRO DUCT X ON 
The pollution of water in various water basins has presented many 
obstacles to water resources utilization and danger to ecological balance 
in.our living environment. The water basins have received the asso:::-teC!. 
and heavey waste of industries and municipalities. The water pollution 
problems have become very complex and include various factors associated 
with natural science and social science. 
Numerous kinds of water pollution problems have occured in various 
bodies of water from little streams to large oceans. throughout the world .• 
These are thermal, biological~ chemical, etc. and are intimately connected 
with each other. Recently, special attention has been given to the 
pollution problems in large bodies of water such as l.akes a.nl oceans~ 
because these bodies of water have been often used as the desti~1ations of 
pollutants. 
If strong efforts are not made to prevent these serious water pollution 
problems, they will present more problems in the near future. Integrated 
efforts to prevent these serious problems are desired. 
Therefore, research on water pollution phenomena and on water pollution 
control which offerspertinent data in guiding the prevention of water 
pollution problems iS. required. The water pollution problems are so complex 
that broad approaches are required for analysis and solution. The broad 
perspective of water pollution problems requires synthetical and novel 
- 1 
approaches as well as ordinary approaches, 
Various synthetical and novel approaches such as the systems approach (10), 
cybernetics (120), equivalent transforming thinking (54), theory of 
structural stability and morhpogenese {88), etc, have been developed and 
applied in various problems, 
In this investigation several mathematical methods based on the 
systems approach are developed and systematized in order to control va"C.er 
pollution problems~ especially in large bodies of water. 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
An Illustration of Equivalent Transforming Thinking developed by K, Ichikawa 
J\ . :. : .. ' ' 0 
from Refer-ence (54) 
* * * * * * * * * * * * * * * * * * * * • * * • • * • • • * * * • • • • * 
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1-2. Previous Works =literature Review 
The problems of water pollution and water resou.rces include the 
hydraulics, chemistry and biology of the water basin along with the 
economic·, sociologic and political environments of the water basin, 
Therefore~ a.great deal of significant research has been presented by 
various kind of investigators. 
However, the literature review in this section is mainly concerned 
with the present investigation, that is: 
1)·. Systems Approach to Problema of Water Pollution and Water Resources 
2). Numerical Analysis in Continuum Mechanics 
J). Comb·ined Uae of Finite Difference Method with Linear Programning 
4). Research Associated with Diffusion Phenomena 
Suatema Approach to Problema of Water Pollution and Water Resources 
Perhaps the most important advance made in recent years in the field 
of water pollution control and water resources management was the 
adaptation of systems engineering. Systems engineering, which is 
sometimes called (incorrectly) operations research, is, in a sence, the 
attacking of complex problem on a broad front. Variables describing 
components or states of a systems can be defined~ and relationships 
between them represented, through equations in a mathematical model. 
These relationships, whether linear or nonlinear, can be properly 
evaluated by a variety of techniques, some of which have been made 
possible by the advance in computer science. 
However, if the problems were reducible to a set of mathematical 
expressions, there would have been no need to invent systems engineering: 
pernaps numerical analysis would have been sufficient in many cases, 
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But in problems of water pollution control and water resources management 
there are many factors to be considered. Therefore~ systems engineering 
is frequently adopted in these fieldso The systems approach has made 
remarkable progress in the analysis of components and subsystems from 
which the synthesis of the complete system may be possible .. 
In 1955, a water resources program was initiated at Harvard Uni.versity. 
The purpose of this program was to develop a methodology for planning 
and designing complex, modern water resources systems. From the outset, 
it was recognized that these systems exhibit certain fundamental 
engineering aspects, as well as broad economic and social overtones. 
The accepted approach to water resources planning and management was 
influenced by the publications of the groupus work in 1962 (76). Although 
it was oriented principally toward the traditional ~uquanti tyH purposes , 
it clearly demonstrated the utility of operations research techniq.ues i r: 
the design of complex, multi-purpose~ multi-constrained water resources 
systems. In 1963~ the Harvard group issued a report which addressed 
itself specifically to the quality aspects (110)" 
At about the same time that the Harvard Water Program got uDder way~, 
and quite independently from it, a number of workers at the University of 
California began studing the problem of optimization of water resource 
systems. 
Tennessee Valley Authority .(s8) has presented numerous significant 
researches associated with water resources systems through the activities. 
The start of the Western Resources Conference in 1959 has accelerated 
the growth of water resources engineering (67). 
The activ~t~es of the Committee of Water Resources Systems of the 
In~ernational Association for Hydraulic Research has progressed water 
resources engineering. 
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Another landmark in the rapid growth of water research is the start 
of the Water Pollution Research Conference in 1962. 
The accomplishments of the above-mentioned groups and conferences~ 
and Kneese 0 s definitive consideration of water quality econcmics (66.) 
have provided the stimulas for the most recent research and de\re2..cpment in 
the area of water quality management systems, 
Begining in the mid-fifties, several books were published setting out 
in detail the economic theory relevant water resources developmen~ and 
use and demonstrating its applicability and significance by means of case 
studies [Krutilla and Eckstein (69), Hirshleifer et al, (53)~ Kuiper (70) 
and Hall and Dracup (48)]. 
Recently, Buras (1972) published a useful book associated with systems 
approach to water pollution problems (10), 
The scientific, professional, and technical literature in this field 
is rapidly increasing in quanti tyo It seems that there is an informe.tiol.~ 
explosion, The information explosiorr presents certain problems t0 the 
investigator and professional mano Although there is at least: J.tle 
internationally wellknown scientific periodical in this fie.:d. ( 'iJ:Q;;;B:!' 
Resouraes Research), much material appears in a host of 0ther 
publications. 
Though much significant work has been reported in the literature 
illustrating the mathematical methods in systems engineering, such as 
linear programming, non-linear programming. dynamic programming, max~murr1 
principle, queueing theory (44), distributed parameter theory (S4, S5), ar.d. 
simulation to reservoir and waste treatment systems and hydraulic 
problems, the Iiterature reviwed :i.n the reminder of this paragraph will, 
for the most part~ re~ate directly to.the subject of this investigation, 
that is water pollution control and •rater resources management, 
Linear Programming 
Linear programming is concerned -with solving a special type of problem: 
one in which all relations among the variables are linear, both in the 
constraints and the function to be optimized ( 13, 16, 39, 8!1-) . 
Historically~ the general problems of linear programming '\·laS first 
developed and applied in 1947 by George B, Dantzig, Marshall Woods and 
thier associates of the U.S. Department of the Air Force. 
Linear programming has been applied to a great variety of problems of 
water quality management, Among the first of the water quality systems 
analysts of the 1960's were Lynn, Thomann, Sobel~ Deininger. Sumitono 
and Sueishi. 
Lynn et al, used linear programming for selecting an optimal 
combination of unit treatment processes for a waste treatment plant which 
provides the required degree of treatment at minimum cost (74), 
Lynn (1964) also used linear programming in the problems of stage des~gn 
of treatment plants. The research provides the incremental c:apacity of 
a waste treatment plant to be constructed during each of" sev-e:~:-al "ti8e 
periods as well as the financing details (investments schedule, funds 
borrowed, etc.) (75). 
Thomann and Sobel applied linear systems analysis to the problem of 
water quality management in estuary (109). This was based on mathematical 
model for dissolved oxygen presented by Thomann in a previous pape:::- (108)., 
Later Thomann {89) was concerned with obtaining minimum-cost pollution 
control; and he presented an application to the Delaware Estuary which 
utilized a model for temporal and spatial variation of dissolved oxygen, 
In 1965, Sobel (94) compared a minimum-cost linear progra~ing 
formulation for regional water quality systems with the traditional 
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uniform treatment approach. 
Deininger (14~ 15) separated a river basin into reaches bounded by 
waste discharges and used linear programmiEg to determine treatment levels 
at each outfall. 
In 1965 Sueishi studied prevention of water pollution end sewage systems 
planning by using linear programming (98)" Sueishi and Minamimoto (99) used 
linear programming in the allocation problems of 1.raste water discharges. 
Sumitomo (LOl ), and Goda~ Sueishi and Sumi tomo ( 41) used linear 
programming for the allocation of water volume and water quality in 
industrial utilization. 
Goodman and Dobbins (42) considered the problems of regional cost 
associated with use of a river for municipal water supply~ assimilation 
of treated waste~ and recreation. 
Johnson (59) used linear programming to specify waste treatment 
requirements among dischargers on the Delawarer Estuary. 
Loucks and Lynn ( 13), ReVelle~ Loucks and Lynn ( 89) used linear 
programming to select waste treatment levels that would satisfy dissolved 
oxygen constraints at minimum regional cost, 
For more recent works the Graves et aL (1972) artic}_e (43) a::1d -,~he 
Arbavi and Elzinga (1975) article (4) are recommendedo 
Non-Linear Programming 
Methods of solving the problems of non=linear obj.ective function ~ith 
either non-linear or linear constraints is called non-linear programming 
(44). 
Kerri (65) used non ... linear programming to determine the minimum-cost 
so!.ution to maintaining a specified dissolved oxygen concentration in 
Oregon°s Willamette River basin. 
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Variational Principle 
Probably, variational principle is 9 in a. sense~ one of the most 
beautiful expressions for natural phenomena. The var:i.ati.ona.l :o.,pproe.ch 
was developed independently by Euler and Lagrar:ge. Va!A:l ationa1 principle 
originated from the endeavor to determine extrema or stational values for 
functionals (12, 28, 117, Sl). A functional is defl.ned a.s a quantity or 
function which depends upon the entire course or path of one or more 
functions rather than on a number of discrete variables. 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
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Dynamia Programming and Maximwn Pr>inaip le 
Among the numerous attempts to f~nd new dynamic optimization techniques 
in recent years Bell.mad s dynamic programming ( 6) a.nd Por.tryagin ~ s maximum 
principle (87) are probably the two most successful. They are intimately 
related with variational principle. 
Dynamic programming is an effective computational technique to solve 
the optimal planning problems in the controllable multi-stage decision 
process, based on Bellman's optimality principleo 
Maximum principle deals with optimization of functional subject to 
differential equation constraints (20, 87). The discrete version of 
maximum principle has been also studied by several investigators [Fan 
and Wang (19)], 
Hall and Buras (1961) first suggested the use of dynamic progra.ro:ming 
in water resources problems (47), 
Liebman (71) and Liebman and Lynn (72) used discrete dynamic programming 
to minimize total basin waste treatment costs associated with mee~ing 
specified dissolved oxygen stream standards for Willamette River basin, 
Meierand Beightler (s6) presented a method for decomposing non=serial 
river basin systems into equivalent serial systems which can be analyzed 
by dynamic programming. 
Dysart (17) used dynamic programming for water quality planning and 
management for the case in which there is or could be interaction of 
pollutants in the stream. 
Futagami (35) studied water pollution control by combined use of dynamic 
programming and classical optimization technique. 
I 
Takamatsu, Naito et al. (102) used maximum principle in optimization 
process of a.ctivated•sludge, 
.. 
NumePicaZ Analysis in Co~tinuum Mechanics 
Finite element method and finite difference method are the most 
popular methods in numerical analysis of physical phenomena. 
Although recently an international journal in this fileC. (International. 
Journal foX' Nume:t'ical Methods in Engineering) has been published.~ mu.ch 
material appeaerin a host of other publications. Information explosion 
in this field is tremendous, 
Finite Element Method 
Perhaps the most astonishing success in numerical analysis of continuum 
mechanics (26, 27) in recent years has been finite element method (22, 29, 
37, 97, 119, 121, 122). 
The finite element method originated in structural mechanics (80 9 86~ 
112). The method ado~matrix-vector forms (32. 78) in the formulation. 
Among the first of finite element analysts were Zienkiewitcz. Clough, 
Turner, Martin, Pian and Melosh. 
Now other applicati~of the method are rapidly developing because of 
its generality, 
Finite element method has been extended to fluid mechanics (21~ 62. 83)" 
Oden has made energetic research on generalization of finite element 
method. 
Various formulation techniques of finite element method have been 
developed. Among these techniques Rayleigh-Ritz finite element method 
based on variational principle and Galerkin finite element method on 
weighted residual prJcess are the most prevailing ones, 
The advantages ;f finite element method. as compared to other numerical 
ap-.;>roaches ~ are numerous, The method is .completely general •<'i t:'l respe~t 
to geometry, material properties and boundary conditions. Arbitrary t-hermal 
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mechanical, biochemical loads are possible, Mathematically, it can be 
show that the method converges to the exac~ solution as the number of 
elements is increased; therefore any desired degree of accuracy can be 
obtained. In addition, the matrix equations formulated by the method 
can be placed in a band form and require much less computer storage and 
solution time than nonbanded matrix equations, Therefore. finite element 
method has essentially superseded finite difference method. 
Several researches associated with diffusion and conduction problems 
have been presented (9, 63). Guymon (1970) and Guymon et al, (1970} 
studied diffusion convection problems by using Rayleigh-Ritz finite 
element method (45~ 46), 
Smith t Farraday and O'Connor (1973) used Ga.lerkin finite element 
method in the study of the diffusion convection phenomena (93). 
Finite Differenae Method 
Until the development of finite element method, finite difference 
method was the most frequently used method for the solution of partial 
differential equations. Numerous publications associated with finite 
difference method have been published (11, 38, 49. 81~ 114). 
Probably Collatz is the most eminent contributor in this field, 
Recentlyg Naruoka (1974) presented a brief explanation and literat~re 
review about finite diffe .. :ence method ( 81), 
Various finite difference algorithm or schemes have been presented for 
the solution of diffusion convection equation or its similar derivatives 
[Shamir and Harleman (92), Stone and Brian (96), and Wada (115)]. 
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Combined Use of Finite Difference ~~~~od_~ith Linear Programming 
Several researches have suggested -c-,J:o.e requirement of the mixed use of 
mathematical methods of ope.rations re.sea!"ch and solving tec:hniq_ues of 
differential equations in order to attack more complicated. problems of 
water resources [Bredehoeft and Young (7), Maddock (TT), and Ma!'t.in., 
Burdak and Young (79)]. 
In 1974 Aguado and Remson (2) made the combined use of finite 
difference method with linear programming in the field of ground water 
management. The article is an excellent pioneering research associated 
with finite difference & linear programming methode The feasibility 
of the combined use of finite difference method with linear programm.ing-was 
tested by 'using simple examples. Cases of confined and unconfined 9 one 
and two-dimensional~ steady-state and transient flow are n!"e2er:tei ':!:he 
examples presented the feasibility and inherent problems of' the approach. 
In the article objective functions and production constraints were designed 
to test and display the method most efficiently and nc't teca:u.se of 
hydrologic or economic importance. But the article c,fferc.ed. ti1e possibi1i ty 
of substitution of other objective functions and constraints. either 
physical or economic, that are relevant to particular field problems. 
Research Associated with Diffusion Phenomena 
There is an apparent analogy between heat conduction in solids and 
diffusion phenomena. By taking note of the fact there is ar'. apparent 
analogy between heat conduction in solids and diffusion phenomena, Fick 
(1855) first presented the famous mathematical representation fer diffusion 
phenomenat or Fick 1 s equation. Fick 1 s equation was derived by adopting 
th~ mathematical equ~tion for heat conduction given by Fourier, 
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Fourier 1 s great work ~'Theorie Analytique de la Chaleur11 ( 1822) is bible 
in this field (25). 
Taylor (1921) studied turbulent diffus::LoL from the stat:tstical point of 
view (106). 
Other distinguished contributors in this field 1..rere Kiirm&n ( 60, 61) ~ 
Richardson (S7), Kolmogoroff and Prandtlo 
A great deal of significant research associated with diffusion phenomena 
has 
.. 
been published such as 
in 1950:. Alberstone et al. (3) 
in 1953: Taylor (107), Batchelor ( 5) 
in 1959: Elder (18) 
in 1961: Ippen and Harleman (55), Rohsenow and Choi (90) 
in 1962: Abraham ( l) , 
in 1964: Harleman (50), Wiegel ( 118) , 
in 1965: Brooks and Koh (8), Iwasa and Imamoto (57) 
in 1966: Harleman (51) 
in 1967: Fisher (23) 
in 1969: Iwai& Inoue and Higuchi (56)~ Parker and Krenkel (85)~ 
Tarnai~ Wiegel and Tornberg (104) 
in 1970: Vigander, Elder and Brooks (113), Hino (S3) 
in 1971: Stolzenbach and Harleman (95) 
in 1972: Tarnai (103) 
in 1974: Hayashi (52)~ Iwasa and Yatsuzuk.a (58) ~ Kenedy ( 64) s K.Qh ~ . 
Brooks, List and Wolanski (68), Neal (82), Tarnai (105)~ 
Wada (116}, Hino (S2) 
in 1975: ;t"atsuzu.lta ( 123) 
1-3. Purpose and Scope of Present Investigation 
The purpose of this investigation is -c.o establish ~everal fundamental 
mathematical methods for a systems approach in v.;ater pollution problems. 
A finite element & linear programming method (FELP Method, or, the F.E. & 
L.P. Method), A transient finite element & linear progra.mming method. 
T. FELP Method), and a finite difference & linear programming method (FDLP 
Method, or. the F.D. & L.P. Method) are studied in order to control 
water pollution problems governed by the convective diffusion equation. 
FELP Method and T. FELP Method are developed by the combined use of 
finite element method with linear programming in order to solve systems of 
differential equations with both equality or inequality constraints and an 
objective function (30, 33, 34). Such systems are frequently encountered 
in various engineering and scientific problems of control and optimal 
design and, especially, are of interest in field problems such as heat 
conduction, diffusion convection~ seepage flow, electric (or magnetic) 
potential. 
Finite element method, originated in structural mechanics. is powerful 
numerical method for the solution of differential equations, and has been 
extended to many other physical phenomena because of its generality with 
respect to geometry$ material properties and boundary conditions" 
Linear programming is one of the most frequently used mathematical 
methods of operations research and is wicely used in envirorunental and 
water resources problems" 
In a manner similar to FELP Method, FDLP Method is also systematized by 
the combined u'se of finite difference method with linear progra.rw:r:.ing ( 31) . 
Finite difference method is one of the most popular methods for the 
sollution of differential equations anc_ has been used in analysis of 
various physical phenomena. 
Aguado and Remson ( 2) made a pioneering research associated i<Fi th FDLP 
Method in the field of ground water management" 
In the development and systematization of proposed methods (FELP Method, 
T. FELP Method and FDLP Method)~ the concepts of decision variable and 
state variable are adopted as in Bellman's dynamic programming or 
Pontryagin 1 s maximum principle" 
Previously, the author studied dynamic programming in a sewage 
treatment system (36) and the experience at that time has provided many 
useful suggestions in the development and systematization of the proposed 
methods in which the concepts of the decision variable and state variab1e 
are adopted. In the authors's previous study. besides general computation 
technique of dynamic programming used other investigators in water 
pollution control. an efficient computation technique for dyna~ic 
programming was presented. The technique was devised by the combined u_se 
of dynamic programming with classical optimization tec~·miq_t:.e besec" cr._ 
differentiation, and reduced calculation work considerably. 
In order to check the computations of FELP Method and FDLP Hethod~ an 
analytical method to solve the diffusion equation is developed by using 
double Fourier series. In the analytical method the loads are displaced 
by double Fourier series so as to satisfy the given boundary concU tions. 
Such a technique based on double Fourier series is · often used in ·. 1. 
structural analysis (24. 40, 111}. 
In this investigation the applicabilitJ' of the proposed methods is 
shown through numeric~l examples of water pollution problems governed by 
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the convective diffusion equation., The proposed methods make it possible 
to obtain not only the optimal discharges from the various types of outfall 
to meet water quality requirements~ but also the distribution patterns of 
severaa water qualities in the water basin simultaneously. Especially. 
the proposed methods are studied to control water pollution problems in 
large bodies of water in which diffusion-convection phenomena predominate, 
The five chapters following the Introduction deal 1,ri th the development, 
systematization and application of the proposed methods. 
It seems that FELP Method based on finite element method is superior to 
FDLP Method based on finite difference method because of the generality of 
FELP Method. However, FDLP Method is much easier to understand beca~se of 
its simplicity in the mathematical formulation. Therefore. at first FDLP 
Method is described and the description of FELP Method follows iL 
'In Chapter 2 systematization of FDLP Method and the application. to 
water pollution control are presented. 
Chapter 3 is concerned with development and systematization of FELP 
Method and the application to water pollution control, 
In the description of Chapter 2 and 3, efforts are made to ease the 
comparison between FDLP Method and FELP Method. 
In Chapter 4 an efficient computational algorithm for FELP Method and 
FDLP Method is developed by taking note of the fact that these methods 
have special structures. 
Chapter 5 deruswith T. FELP Method which is the extension of FELP 
Method to the time domain. 
In Chapter 6 conclusions of this investigation are presented. 
The representative computer programs developed in this investigation 
art..' presented in the appendices. 
' 
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Finally, in the application of the proposed methods, it should be 
noted that the proposed methods are based on the differential systems. 
Generally, problems connected with natural phenomena are so complex and 
sometimes so catastrophic (88) that they are frequently beyond the expression 
ability of the usual.. differential systems" And in \late::.~ pollutio~ 
problems the same is true. Therefore, the proposed methods can be applied 
onlywhen and where the differential systems are valid. 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
There is~ however, a point of diminishing returns. The actual world ~s 
extremely complicated, and as a matter of fact the more that one studies 
it the more one is filled with wonder that we have even "order of magni= 
tude" explanations of the complicated phenomena that occur~ much 
less fairly consistent "laws of nature". If we attempt to include too many 
features of reality in our mathematical model~ we find ourselves engulfed 
by complicated equations containing unknown parameters and unknown 
functions. The determination of these functions leads to even more 
complicated equations with even more unknown parameters and functions~ 
and so on. Truly a tale that knows no end. 
If, on the other hand, made timid by these prospects~ we construct 
our model in too simple a fashion, we soon find that it does not predict 
to suit our tastes, 
It follows that the Scientist, like Pilgrim, must wend a straight 
and narrow path between the Pitfalls of Oversimplification and the 
Morass of Overcomplication. 
Richard E. Bellman 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
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Chapter 2 
FINITE DIFFERENCE & liNEAR PROGRAMmNG METHOD 
IN WATER POllUTION CONTROL 
Summary 
Water pollution control is studied by a finite difference & i~near 
programming method ( FDLP Method, or. the F. D. & L. P. Met~od) , FDLP !v1ethod. 
has been developed by the combined use of a finite difference methoc w~th 
linear programming in order to solve systems of differential equations 
with both equality or inequality constraints and an objective function. 
The applicability of FDLP Method is shown through nQmerical examples of 
water pollution problems governed by the convective diffusion equatio"'l, 
The method makes it possible to obtain not only the optimal discharges 
fror:: the varicv..s types of outfall to meet water quality requirements, but 
also the distribution patterns of several ·water qualities in the va'::;er 
-basin simultaneously. A new criterion fcc:· selectL:g the locatior:.s o-f' 
outfalls and the optimal volumes of discharged 'tlaste water may "te given 
by the method. The method may become an useful technique for analys:..s, 
planning and assessment in environmental and water resources problemso 
In order to check the results of FDLP Method~ an analytical method by 
double Fourier series is developed and described, 
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2-1" General Concepts 
Water pollution control is studied by a finite difference & linear 
programming method (FDLP Method, or. the F.D, & L,P. Method). FDLP 
Method has been developed by the combined use of a finite d.ifferer'.ce 
method with linear programming in order to solve systems of differential 
equations with both equality or inequality constraints and an objective 
function. Such systems are frequently encountered in various engineering 
and scientific problems of control and optimal design and, es9ec~ally, 
are of interest in environmental and water resources problems. 
Aguado and Remson made the combined use of finite difference methoe 
with linear programming in the field of ground water management (1). 
The finite difference method (3, 11, 23) is one of the most popular 
methods for the solution of differential equations and has been used in 
analyses of various physiscal phenomena. Moreover, linear programmin (4) 
is one of the most frequently used mathematical methods of operations 
research and is widely used in environmental and water resources problems 
(5~ 18~ 21). In the development of FDL? Method the concepts of the 
decision variable and state variable are adopted as in Bellmants iyrramic 
progr8lllllling (2, 6~ 10) or Pontryagin's maximum principle (7. 17). FDLP 
Method utilizes the advantages of established numerical techniques of 
both finite difference method and linear programming" The nrob.lems o~ 
FDLP Method with many variables and constraints could be solved by marcy 
existing computer programs for linear programming. 
The applicability of FDLP Method is shown through numerical examples 
of water pollution problems governed by the convective diffusion 
equation. A great deal of significant research on water pollution 
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problems associated with diffusion phenomena has been presented (13~ 14, 
15~ 16, 19~ 20, 24) and has provided. the stimulas and many useful ideas 
for the application of FDLP Method to water pollution control, FDLP 
Method makes it possible to obtain not only the optimal discharges (the 
decision variable) from the various types of outfall to meet '"i th w·ater 
quality requirements, but also the distribution patterns of water quality 
(the state variable) in the water basin simul taneou.sly" The method. may· 
become one of the useful techniques for the analysis, planning and 
assessment in environmental and water resources problems" 
In order to check the computations of FDLP Method, an analytical 
method based on double Fourier series is developed and also described" 
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2-2. Finite Difference & linear Programming Method 
2-2-1. Systems of Basic Differential Eq~ations 
FDLP Method has been developed to solve the follo,<tiing systems of 
differential equations with both equality or inequality constraints and 
an objective function. (See Fig. 2=1). 
Equilibrium Equations 
Governing Equation (in the whole domain n ) 
8 
Boundary Conditions (on the boundaries S J 
Constraints (in the subdomains ~) 
8 
ObJective Function (throughout the whole domain ;J ) 
8 
!Max. f ( { cp } .9 { 8 } ) {6} Z ; Opt. f ({cp}~ {8}) = _ 
{e} Min~ f ({~}~ {8}) 
{8} 
in which q> = ~(xk) = the state variable; 8 = e(xk) = the decision 
variable; and xk =Cartesian coordinate (x, y or z). 
In the systems governed by two-dimensionalsecond-order differential 
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<t>-terms 8-tePm canst 
The examples of the boundary conditions are as follm4s: 
~I r x.l! y=L J = o 
oy Y 






\ _) J 
t ~Q < e = 
in which <I> = the lower limit of the state variable, <1! ::::: 1::-.he upper limit 
of the state variable; 8 = the lower limit of the decision varie.ble~ e 
= the upper limit of the decision variable, 
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2-2-2. Formulation of FDLP Method 
The finite difference method is used in order to discretize the above-
mentioned systems as systems of linear algebraic equations. (As fo:c~ the 
details, see the next section), Then,the following matrix-vector fo.rms 
of FDLP Method are obtained and the application of ::..inear progra1Jllling is 
possible. 
EquiLibrium Equations (N-Eqs.) 












.6 , ~ 0 ( i = 1 1\, I) 
,J 1, 
N 
ccj> Opt. ( l: <Pn + { .e.} n=l n 
J 1-
_[ 
8 ~ Co .ELJ 
i=l t. J '!, 
in which [A] = the state matrix, derived from finite difference method 
and corrected according to the boundary conditions; [[l] ~ the decisio!:. 
matrix, sparse matrix; [G<P] = the state-constraint matrix~ generally 
sparse matrix; [G8 ] = the decision-constraint matrix, generally sparse 
matrix; .e.= ith decision variable; j =mesh point number associated 
J 1, 
with ith decision variable; cp = nth state variable (state variable a:t 
n 
rr 






constant in Z.th constraint; a<P == state-evaluation coefficient associated 
n 
e 
with ~n; c.== decision-evaluation coefficient associated with .e.; n == 
1.- J t. 
1 ~ N (N: total number of the state variables~ i.e,~ total number of the 
mesh points); i == 1 ~I (I: total number of the decision variables)~ and 
l == 1 ~ L (L· : total number of the constraints). T T 
Therefore, FDLP Method is one that optimizes the objective function 
under the conditions of the equilibrium equations and the constraints. 
Since all of the variables in linear programming have to be nonnegative 
because of the limitation in the computational algorithm based on the 
simplex method (4)~ the conditions of Eq. 7 are required, 
In FDLP Method the number of the variables is (N+I). the na~ber of the 
equilibrium equations is N, and the number of the constraints is L1,~ 
respectively. In the sense of general linear programming~ the equi~ibriurr1 
equations of FDLP Method are also the constraints. Thus, FDLP Method is 
a kind of linear programming in which the number of the variables is 
(N+I) and the number of the constraints is (N+LT)' respectively, 
In FDLP Method the solution of the decision variables ani the solution 
of the state variables are obtained simultaneously by the simplex ~ethod. 
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2-3. Water Pollution Control by fDLP Method 
2-3-L Systems of Basic Equations in D:iffusion-Convect:!on Phenomena 
The basic equation systems of diffusion-convection nhenomena with 
constraints and an objective function are as follows~ 
EquilibPium Equations 




' = 0 
cp-te1Wls 8-te:ffll canst 
Boundary Conditions (on the boundaPies S) 




Constraints (in the subdomains ofthe water basin~) 
8 
Nonnegative Conditions 







in which cp = the state varaible~ i.e., water quality (e.g,~ temperature 
o::r concentration in the water basin); Qc = 8 = the decision variable,, 
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i.e., controllable load (heated discharge from multi-port diffusers (25) 
or pollutant issued from waste ou.tZ'alls); <P = the upper limit of the 
state variable (water quality requirement), QP =the upper limit of the 
controllable load arising from the conditions in the outfalls; D " "' XI<. 
diffusion coefficient (D , D or D ); vk =convective velc~ity (v v X Jj Z . X~ Jj 
or v ); K =heat transfer coefficient at the water surface or decay 
z 
u factor of pollutant; and Q = constant = uncontrollable loa~ (inevitably 
or naturally generated source or sink. existing unexcludable discharge), 
Although~ generally the objective function may be composed of the 
c 
controllable loads {Q } and water quality distribution {~} in the water 
basin, the maximization of the total of the controllable loads is sought 
in the numerical examples for simplicity. From the view point of the 
assimilation capacity of the environment~ such an objective function 
gives us the upper limit of the total acceptable loads in the water 
basin, 
As for the constraints, although only the upper limits of the state 
variable and the decision variable (controllable load) are imposed in 
the above systems, the following lower limit of the decisior. variable 
may become necessary with respect to the conditions of the problems, 
Such a condition may occasionally arise from the hydraulic conditions 
in the outfalls or from the treatment efficiencies in plants" 
(l6) 
- 42 -
2-3-2. Formulation of FDLP Method in Water Pollution Control 
The application of FDLP Method to the systems of the diffusion-
convection phenomena mentioned above yields the following matrix~vector 
forms. 
Equilibrium Equations (N-Eqa.) 
( A ] { <P } + [ D ] { .Q~} 
n J -z.. =-
(NxN) (Nxi) 
Constraints ((LT = L+IJ-Eqa.) 
[ e c g ]{ .Q.} 
J 't 
< 




~ > 0 (n = 1 ~ N). vn = D 
Objective Function 
c z = ops. f ({«Pn}.jl { .Q.}) 
{ .Q.} J 't 
J t. 
I 
=- Ma:g. E 
{ .Q.} i=l 
J 't 
c 
.a .. Q. 
J'tJ't 
N I 







e Qc 1 
Co 0 oj 
't J 't 
(21) 
in which [A] = the state matrix; [D] = the decision matrix; [g¢] = the 
sub-state=constraint matrix; [g 8] = the sub-decision-constraint matrix, 
unit matrix; .~~ = .e.= ith controllable load (ith decision variable)" J 't J 't 
j :: mesh point number fitted for. the location of ith controllable load;, 
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4l = water quality at the mesh point n (nth state 
n 
variable} ; Qu = 
n 
e 
uncontrollable load at the mesh point n; .a" = o. 
- J ~ ~ = area governed by mesh 
point j; j~ =upper limit of ith controllable load; ct>., = 7-th water 
m ~.> 
quality requirement; m = regulated mesh point number in Zth water quality 
requirement; i = 1 rv I (I: total number of the controllable loads~ L e. ~ 
total number of mesh points fitted for the locations o:r the outfalls of 
the controllable loads); n = 1 rv N (N: total number of the state 
variables, total number of the mesh points); l = 1 "" L total number 
of the regulated mesh points in water quality requirements); and 
L +I= total number of the constraints. 
In the consideration of the loads~ it should be noted that in FD::,? 
Method, as in finite difference method, distributed loads are funttame~tal 
and concentrated loads are displaced by the equivalent distributed :oads" 
c u Therefore. in FDLP Method all of the loads expressed in .Q. and Q are 
J t- n 
distributed loads. The distributing area of these loads are .a. (area J '1, 
governed by the mesh point j) and a (area governed by the mesh point n) 9 
n 
respectively. 
In the maximization problem of total of the controllable loads, a:l 
of the state-evaluation coefficients {c~} 
n 
are equal to zero and all of 
coefficients 8 in tbe decision-evaluation {ci} are equal to ,ao as shown J ~ 
Eq. 21. 
Eqs. 18 and 19 are equal to the following equations" 
(18}"' 
(19}~ 
As for the details of the matrices [A]. [0], [g~] and [g 8 ], see the 
next section and Eqs. 34-36. 
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2-3-3. Discretization by Finite Difference Method 
The finite difference method is one of the most popular method for 
the numerical solution of partial differential equations and the basic 
concept of the method is simple (3$ 11 9 23), 
The solution domain is subdivided by s. net with a finite number of the 
mesh points N as shown in Figo 2-1 and the derivatives at each mesh point 
are replaced by finite difference approximations, In fact the function 
is sought in the neighbourhood of the given typical point 0 by an 
interpolating polynomial and derivatives are computed from this porinomial 
representation. (See Fig. 2-2(a)). Thus, the first derivative and. second 
derivative of these polynomials at the typical point 0 are replaced by 
the following formulae. 
Substituting Eqs. 22 and 23 into Eq. 9 and neglecting the residual 








0 ( 24) 
Arranging the above equation, we obtain the following equation at the 




Fig. 2-2(a}. Equil;ibrium Equation at a Typical Poi1~t 
Fig. 2-2(~). Equilibrium Equation on a Non-Conductive 
Boundary (a~/ax = 0 and vx = 0) 
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_... ·. 
Fig.,:2-2(c). · Equilibrium Equation .on a Non~Conduct1Jve 
Boundary (o$/ay = 0 and v : 0) 
. y 
Prescrilbed Point 
I 0 ! .3 
'---l 3 ~ ~ 
"' [; 0 f .2 1 x 'o 0 f ~1 0 
-g 
·-(2 0 1 
Ay I I I ~. 0! .4 
I'--A __:__,/4 ~-~ x· 8 
fig. '2-2(d). Equilibrium Equation at 1:i~,:: 




u = v /2>.. $ X X v = v /2\ ~ y y C :: D j;._ 2 Si X X D = D ;\2 tl y 
If the derivatives are replnced by finite difference expressions as 
(26) 
(27) 
indicated~ one obtains a systems of N algebraic equations for determining 
the approximate values of the unknown function in N different points of 
the net. 
However, it is necessary to correct the systems of the algebraic 
equations so as to satisfy the given boundary conditions. Consideration 
on the boundary conditions yields the following corrections in the 
coefficients of the equilibrium equations. 
On the non-conductive boundary where a~jax = 0 and v = 0 
X 
The following correction is made by considering an imaginary point 
2"'. (See Fig. 2-2(b)). 
, or, 
On the non-aonduative boundary where a~jay = 0 and v = 0 
. y 
The following correction is made by considering an imaginary point 







At the point with the prescribed value of ~O = c0 (See, Fig, 2=2(d)), 
The correction to the matrix is to make one whole row zero, with the 




In order to reduce the number of the decision variables from N to I~ 
a 
0Qi in Eqs. 24, 25, 26t 28, 29, 30 and 31 should be dropped~ as shown in 
Eq. 17, at the mesh point where the outfall for the controllable load 
does not exist. The decision matrix [D] = [d .] in Eq. 17 is composed 
n-z-
of zero elements with the exceptions of a1a in I elements whose ~ow 
number is j and whose column number is i (see. Eq. 34). 
Thus the discretized equilibrium equations (Eq, 17 in the previous 
section) are obtained. 
- 49 -
2-4. Explanation by a Simple Model 
In order to clarify the features of FDLP Methodt the systems are 
written down for a. simple square model basin i..n a specific form with 
non-conductive boundaries, or 3~/an = 0 on the four surrounding 
boundaries as shown in Fig. 2-3. The obtained matrix-vector forms of 
FDLP Method are as follows: 


















5 G 1 
_______ p_ ____ _ 
6 (8x9) 
7 Zero Matrix 
8 (3x9) 









=- Q~ (= -0.0048) 
.l. 
u 
= - Q2 (= 0) 
u ~1 = - Q3 {= -0.0048) 
u ~2 = - Q4 (= O) 
. u ~3 = - Q5 (= OJ 
u ~4 = - Q6 (= O) 
u ~5 = - Q? (= 0) 
u ~6 = - Q8 (= OJ 
u ~7 = - Q9 (= O) 
~8 < 4~1 (= 3"0) 
~9 < 6~2 (= J.O) 
2Q~ < 7w3 (= 3.0) 
5Q~ < 8w4 r= 3.oJ 
8Q~ < 9w5 (= s.o; 
1 (8x3) -::e ~ 2Q1 (= 0.0240) 
-::e 
< 5Q2 (= 0.0120) 
-::e 
< 8Q3 (= 0.0240) 
a 
.Q. > 0 (i = 1 ~ 3) 







z =Max. ~ J.ai jQ~ = Mq.x,_ (12SOoD2Q~ + 2500.05Q~ + 1250.08Q~) 
i=l 
( 38) 
The units of the water quality and the loads are not described, because 
the method is applicable to general physieal problems irrespective of the 
variables considered, 
c Computed results for the controllable loads { ,Q"}~ water quali~ies J 1-
{~n} and objective function Z are shown in Fig. 2~4, It should be noted 
that the distribution pattern of the water quality in Fig. 2-4 arises 
from the resultant loads composed of the obtained controllable loads 




w~v "'a. X y . 
'&%t2 I = 3 [_ "' 5 
at/~~ = 0 (On the Four Boundaries) 
~ Mesh Point for Controllable load 
<:): Mesh Point for Uncontrollable Load 
~: Regulated Mesh Point in Water Quality 
Requirement (mit = 3.0, 7. = 1 "' 5)-
N = 9 
l "' t -t r T ._ -
"" 5 '1)- 3 :!:; 8 
2~=8~=0"024Q 
. • 5~~ (Jo0120 
a x QVJ .,.. "::' 0 !l'b . ITl - "-"<· 
(n "" ~ 9 3} 
2a1'=8a3=1250 m2 
5a2 "' 2500 m2 
a1"' a3"' 625 m2 
Figo 2-30 Input Data on FDLP Method in a Simple Model Basin 
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t 7=L8 +a=J.o $Q""1 ol3 :i! 
7 8 g 
c ~ . 
8Q3=0.0020 I 






c c c 
Z = 2a1 2Q1 + 5a2 5Q2 + 8a3 8Q3 
= l250x0.0240 + 2500x0.0054 + 1250x0.0020 
= 30.0 + 13.4 + 2.5 = 45.9 
Fig. 2-4. Results of FDLP Method 
in a Simple Model Basin 
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2-5. Numerical Examples in a Model Basin 
Numerical examples of FDLP Method are conducted in a rectangular 
model basin as shown in Fig. 2-5. Two runs are don.e under the different 
conditions as shown in Table 2-1" However 9 the input data shown in Fig. 
2-5 and described below are the same in both runs .. 
Consider the case in which there will be further increases of steadJr 
waste discharges over the existing steady waste discharges, 
The existing steady waste discharges, or the uncontrollable lcad.s 1 
u u u u 
are, Q43 , Q60 , Q77 and Q94 , at the mesh points 43t 80,. ?7 and o94, 
respectively. They are known loads and their magnitude is equally 
u 0.000480, or, anx Qn = 62500.0 x 0.000480 = 30.0 (n = 43s 60, ?? and 94). 
Further increase of the outfalls for the waste discharges due to the 
increased power of the plants is planned. The locations of" the outfalls 
are planned at the six mesh points~ or, 42, 59, 76, 93 9 110 and. 12?, 
The waste discharges issued from these six outfalls are the cont:':ollable 
c c c ,... .., c 
loads to be solved, or, 42Ql' 59Q2' 76QJ' 93Q4• 110Q5 and 127Q6, T1::e 
imposed upper limit of the controllable loads jQ~ is equally 0.000480, 
or, .a. x .Q~ = 62500.0 x 0.000480 = 30.0 (i = 1 ~ 6). Twenty eight 
J 'l- J 'l-
mesh points are regulated in the same water quality requirement. or 9 m~Z 
= 3.0 (l = 1 ~ 28). 
We would like to know which part of the increased waste discharges 
should be allocated to these.six outfalls to meet ~he water quality 
requirement and also to know the maximum of the acceptable volume of ~he 
increased waste discharges. The maximum should be known from the 
stand point of'environmental assessment and is given by the total of the 
cox.trollable loads~ or the objective function. 
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The solutions of the controllable lauds and objective function in both 
runs are shown in Table 2-2, The sets of the solution of controllable 
loads { ,Q~} give us the optimal locations for outfalls shown by the mesh 
J '/, 
point number j and the optimal volumes shown by the {JQ~} themselves, 
The distribution patterns of the 1M"ater q_uality obtained by the 
resultant loads composed of the controllable loads { ,Q~} and the J '1.-
u 
uncontrollable loads {Q} are also shown in Figs. 2-6(a} and 2-6(b). 
n 
The units of the water quality and the loads are not attaehed in order 
to show that the method is applicable to various water Qualities. 
Table 2-lo Input Data on Current Speed and Boundary CondHions 
Conditions Run l 
(l) (2) (3). 
Curren·c Speed v = 0.:. v = 0 V = Oo03 m/sec~ V = 0 
X X y y 
Boundary l i'l<!>/ay ;;::: 0 acp/ay =:: c 




onditions Boundary 3 = 0 <P == 1.5 
Boundary 4 a<j>/ay = 0 a<j>/ay = o 
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Table 2-2. Controllable loads and Objective Function 
- ............. -. 
- i 
I 




control- Associ- Controllable Load Controllable Load 
lable a ted Obtained I Equivalent I Obtained I Equivaler.t I I 
. Distributed I Load Mesh Distributed Concentrated Concentrated 
i 




() c t * c i j .Q. .a. )( ,Q 0 .Q, l ...,a., )( ,Q_,' J t. J t. J t. J t. I ;J 'l, J ~ 
., f (1) (2) (3) (4) (5) I ( 6} l 
' 1 42 0.000000 0.0 0.000480 f $0 .. 0 I ! 
2 59 0.000000 0.0 0.000135 \ 8c4 [ 
r 
3 ?6 0.000022 1.4 0.000000 I 0.0 
4 93 0.000480 JO.O 0.000480 I 30,0 
5 .110 0.000480 30.0 0.000480 30.0 
:i 
j l) 6 12'1 J 0.000480 30.0 0.000480 
Total t 
(Objective Function) I 
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·Fig. 2-6(b)., Results 
of FDLP M




2-6. Comparison with Analytical Method 
2-6-1. Analytical Method by Double Fourier Series 
An analytical method by Fourier series (9) is considered in order to 
check the computations of FDLP Method. 
Consider the following diffusion equation with non-conductive 
boundaries. 
(39) 
It is desirable to have a solution of Eq. 39 for a given load Q(x,y). 
Such a solution can be found if the load is distributed according to the 
following formula: 
00 co 
m1r n1r Q(x~y) = E r Q cos ~ cos r-Y 
m=O n=O mn x y 
where Q is a constant and expressed in the following equation. 
mn 
2 LX 2 Ly m1r n1r 
Qmn = L I 0 L I 0 Q(x~y) cos r;-x cos y;-Y dy &. 
X y X y 
(m = 0~ 1~ 2., ••• J a>);·. (n = 0., 1., 2, 0. 0, oo) 
Such a technique in which the load is displaced by double Fourier 
(40) 
(4l) 
series so as to satisfy the given boundary conditions is used in ; 1 
structural analyses (8, 22). The first solution of the problem of 
bending of simply supported rectangular plates and the use for this 
purpose of double Fourier series are due to Navier, who presented a 
pE.per on this subject to French Academy in 1820 (22). 
Introducing Eq. 40 into Eq. 39, it may be seen that there exists a 
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solution in the following 
00 cc 
.p =:: E 2: 
m=O n=O 
with unknown constant ~ . 
mn 
form 
mn nn (42) rvmn cos r;-:r cos: r-11' L 
X y 
Substituting Eqs. 40 and 42 into Eq. 39 and dropping the trigoncmetric 






D (mrr) +D (nrr) + K 
X L y L 
X y 
(43) 
Substitution of the above expression into Eq. 42 yields the following 
solution. 
"" "" Qmn 
~ I: I: mn nn (44) = cos v cos J:1f 
m=O n=O 2 2 D (mrr) + D (mr) +K X y 
X L y L 
X y 
2-6-2. Check Analysis of Run 1 by Analytical Method 
The distribution pattern of the water quality in Run l obtained by 
FDLP Method in the previous section as shown in Fig. 2-6(a) is compared 
with that obtained by the analyti~al method mentioned above. 
The input data used with the analytical method are shown in Fig. 2=7, 
The input loads Q(x,y) in the analytical method are the resultant loaQs 
composed of the given uncontrollable loads {Qu} and the obtained 
n 
controllable loads { .Q~} in Run 1. The maximum number for both m and n J 1, 
adopted in the check analysis is 50 and double precision is used" 
The results· obtained by the analytical method are shown in Fig. 2-8 
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=l 
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=
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2-7 Concluding Remarks 
Finite differnce & linear programming method. (F'DLP Method, or, the 
F.D. & L.P Method) in water pollution control was descri"bed. Some 
numerical examples in model basins were also presentee.. The computations 
of FDLP Method were checked by an analytical method based on double 
Fourier series. 
A new criterion for selecting the locations of outfalls and the optimal 
volumes of discharged waste water may be given by FDLP Method . 
. The tractability in both the boundary conditions and the equ.ali ty or 
inequality constraints makes sure that FDLP Method becomes one of the 
most useful techniques for several new types of boundary value problems. 
Most practical applications of linear programming make use of the 
degital computer and existing computer codes. However, in order to save 
computer time and memory, an efficient computational algorithm of FDLP 
Method has been developed by taking note of the fact that the method has 
special structures. The details are presented in Chapter 4., 
In a manner similar to FDLP Method, a finite element & , 0 Llnear 
programming method (FELP Method, or, the F.E. & L.P Method) (12) has also 
been developd by the combined use of a finite element method with linear 
programming in the discretization of the systems of differential equations 
to systems of linear algebraic equations. (See Chapter 3). 
Finally~ the problems to be attacked from now on in the applications 
of FDLP Method should be mentioned. Extension of the method to the time 
domain is necessary to solve transient problems. (See. Chapter 5). The 
related methods such as finite difference & non-linear programming !aethod 
anC. finite difference & integer programming method could be developed. 
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The developments probably make it possible to solve more complicated 
problems. Comparison with other analytical methods, experiments and 
field data should be extended to make the applicability of the ~ethod 
wider. 
The computational work in this chapter was performed by using the 
computer center of the University of Tokyo and its program library for 
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The following symbols are used in Chapter 2: 
[A] = [a ] = state matrix, (NxN) matrix; 
np 
'V a04 = coefficients in equilibrium equation:; 
cl, 
.a. = area governed by mesh point j; 
J 'L-
a = area governed by mesh point n: n 
b = constant in governing equation; 
b~ = constant in Zth constraint; 
b = constant in nth equilibrium equation; 
n 
c = D;/1..2 X, r-1. • 
co = prescribed boundary value; 
c2 = boundary conditions; 
a1 'V a7 = coefficients in governing equation; 
a~ = state-evaluation coefficient = cost coefficient associated with ~ ; 
n n 
6 
c.= decision-evaluation coefficient= cost coeffi~ient associated with .8.; 









[ g<P 1 = 





diffusion coefficient (D • D or D \ L2r-l. z) • 
' X y 
differential equation (governing equation); 
objective function; 
decision-constraint matrix~ (LTxi) matrix; 
state-constraint matrix, (LTxN) matrix; 
6 [g .. ]= sub-decision-constraint matrix, (Ixi) unit matrix; 
'l-'L-
[gin] = sub-state-constraint matrix, (LxN) matrix; 
g = constraint; 
h = boundary condition; 
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I : total number of decision variables (total number of 
controllable loads); 
i = 1 ~I= decision variable number (controllable loaQ number)i 
j = mesh point number associated with ith decision variable~ 
K = heat transfer coefficient at water surface or decay factcr of 
pollutant, T-1; 
k = index of coordinates; 
L =total number of regulated mesh poin~in water quality 
requirements; 
LT = total number of constraints in general FDLP Method; 
L J L = lengths in x and y directions of water basin, L; X y 
Z = 1 ~ L = water quality requirement number; 
Z = 1 ~ LT = constraint number in general FDLP Method; 
m = mesh point number associated with lth water quality requirement; 
m, n = component numbers in x and y directions in double Fourier 
series; 
N = total number of state variables (total number of mesh points};, 
n = 1 ~ N =state variable number (mesh point number); 
0(/..~k) = residual term in finite difference approximation 
00.2)). y ~ 
Qo 
= decision variable (controllable load); 
9..c = lower limit of controllable load; 
(f = upper limit of controllable load; 
.Q~ = ith decision variable (ith controllable load); 
J " 
-::C 
.Q. =upper limit of ith controllable load; 
J " 
Qu = uncontrollable load; 






Q = known coefficient associated -with given loud·, 
mn 
Q(x,y) = given load in analytica2.. method.; 
S =boundary, Lor L2 ; 
u = v /2"A , r- 1 ; 
X X 
v = v /2"'A , r-1. y y ' 
= convective velocity 
= Cartesian coordinate 
Z = objective function; 
( v ' X 
(x' 
v or v ) LT-1 · y z ~ ' 
y or z), L; 
0 = lower limit of decision variable; 
e = upper limit of decision variable; 
e = decision variable; 
.e.= ith decision variable; J t. 
"A , "A = incremen~in x andy directions; L; 
X y 
~ = lower limit of state variable; 
~ = upper limit of state variable; 
m~Z = Zth water quality requirement; 
cjl =state variable (water quality in water basin); 
~n =nth state variable (water quality at mesh point~); 
cjlmn = unknown coefficient associated with state variable in 
analytical method; 
n =whole domain (whole water basin), L2 or L3; 
8 
~ = subdomain associated with constraints, L2 or L3; 
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Chapter 3 
FINITE ELEMENT & litHEAR PROGRAM~HNG METHOD 
IN WATER POLLUTION CONTROL 
Summary 
Water pollution control is studied by a finite element & linear 
programming method (FELP Method, or, the F.E. & L.P. Method). FELP 
Method has been developed by the combined use of finite element method 
with linear programming in order to solve systems of differential 
equations with both equality or inequality constraints and an objective 
function. The applicability 'of FELP Method is shown through numerical 
examples of water pollution problems governed by the convective diffusion 
equation. The method makes it possible to obtain not only the optimal 
discharges f~om the various types of outfall to meet water quality 
requirements, but also the distribution patterns of several water 
qualities in the water basin simultaneously. A new criterion for 
selecting the locations of outfalls and the optimal volumes of discharged 
waste water may be given by the method. The method may become an useful 
technique for analysis, planning and assessment in environmental and 
water resources problems. In order to check the results of FELP Method, 
an analytical method by double Fourier series is developed and described. 
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3-1. General Concepts 
Water pollution control is studied by a finite element & linear 
programming methd (FELP Method, or, the F,E" & L,P. Method), FEL? Method 
has been developed by the combined use of a finite element method w:';.L.h 
linear programming in order to solve systems of differential equations with 
both equality or inequality constraints and an objective function. Such 
systems are often encountered in various engineering and scientific problems 
of control and optimal design and, especially, are of interest in 
environmental and water resources problems. Aguado and Remson (1) hsve 
suggested the combined use of finite element method with linear 
programming in the study of ground water management, in which finite 
difference method has been used instead of finite element method" 
The finite element method, originated in structural mechanics (25} 
is powerful numerical method for the solution of differential equations 
because of its generality with respect to geometry and mater:i.al 
properties. Moreover, linear programming (4) is one of the most 
frequently used mathematical methods of oparations research anQ is widely 
used in environmental and water resources problems (5, 16, 18, 21)" In 
the development of FELP Method the concepts of the decision variable and 
') 
state variable are adopted as in Bellman's dynamic programming (2. 8~ 15) 
or Pontryagin's maximum principle (6, 18). FELP Method (9, 10) utilizes 
the advantages of established numerical techniques of both finite eleme~t 
method and linear programming. The various problems formulated by 
FELP Method could be solved by the combined use of existing computer 
codes for finite element method and linear programming. 
The applicability of FELP Method is shown through numerical examples of 
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water pollution problems governed by the convective diffusion equatiou. 
Many authors have presented the researches on water pollution problems 
associated with diffusion phenomena (ll, 12, 13, 14, 19, 20, 23) and the 
accomplishments have provided the stimulas and many useful ideas fer the 
application of FELP Method to water pollution control. 
The proposed method makes it possible to obtain not only the optimal 
discharges (the decision variable) from the various types of outfall to 
meet water quality requirements, but also the distribution patterns of 
several water quality (the state variable) in the water basin 
simultaneously. The method become an useful technique for the analysis, 
planning and assessment in environmental and water resources problems. 
In order to check the computations of FELP Method, an analytical 
method based on double Fourier series is developed. and also described. 
'.j 
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3-2. Finite Element & linear Programning Method 
3-2-1. Systems of Basic Differential Equations 
FELP Method has been developed to solve the following systems of 
differential equations with both equality or inequality constraints and 
an objective function. (See Fig. 3-l), 
EquilibPium Equations 
Governing Equation (in the whole domain n ) 
8 
D. E. (xk' cj>., 2.1_ ll ax , . . c ~ n, 
k axk 
Bound.a.Py Conditions (on the boundaPies 





Objective Function (throughout the whole domain ~ ) 
3 
z : Opt. f ({cj>}, {8}) = 
{8} 
Max. f ({cp}_. {B}J 
{8} 





in which cp = <j)(xk) = the state variable; El == e(xk) = the decision 
variable; xk =Cartesian coordinate (x, y or z); Xk =Cartesian coordinate 
of the boundary (X, Y or Z). 
In systems governed by two-dimensional second-order differential 










.E.: Governing Equation 
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h : Boundary Condition 
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b.+ c2 ~+ ti r> 3<P I r> ~+ c 1','4> + c?e + b :::;: 0 {1)~ cl c3 + - -r· axay -4 dX' ---~ ~y a.x2 ay2 0 ,, 
cp-te1"171s e~-r;e:rm const 
The examples of the boundary conditions are as follows: 
cp(x=X, y=Y) = ~b(X,Y)~ aq, -1 (x=X y=Y) = 0 an ~ (2)~ 
As for the constraints, the following simple inequalities are 
frequently encountered. 
{: > ~ !~~ ~ 4>.!> or 
< ~ 
= ( 3) ... 
{: ~Q Q~ 8 ~ 0, or 
< 0 
= 
in which CJ> = the lower limit of the state variable; ~ = the upper limit 
of the state variable; 0 = the lower limit of the decision variable; and 
0 "' the upper limit of the decision variable. 
•.) 
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3-2-2. Formulation of FELP Method 
The finite element method is used in order to discretize the above-
mentioned systems as systems of linear algebraic equation.s. (As for the 
details, see the next section) . Then, the following matrix-vector t::c:;_~ms 
of FELP Method are obtained and the application of linear programming is 
possible. 
Equilibrium Equations (N-Eqs.) 
[A]{<J>}+[D]{.e.} = {b} 




.e. ~ o (i = 1 "' IJ J 1.-
N I 
z = Opt. f ( { <P }., { . 6 • } ) = {.e.} n J 1.- Opt. ( E c<P <P + E n n 
J 1.-
{ .6 • } n::;;;l i=l J 1.-
6 
c . . e .J 
1.- J 1.-





finite element method and corrected according to the boundary conditions~ 
[D] = the decision matrix, sparse matrix; [G<P] = the state-constraint 
matrix, generally sparse matrix; [G6] = the decision-constraint matrix. 
generally sparse matrix; .e.= ith decision variable; j =nodal point 
J '[,. 
number associated with ith decision variable; <P = nth state variable 
. n 
(s~ate variable at tQe nodal point n); b =constant in nth equilibrium 
n 
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equation; b~ = constant in Z-th constarint; ccp = state-evaluation 
~.- n 
coefficient (cost coefficient associated with~ ); c~ =decision-
n . -z.. 
evaluation coefficient (cost coefficierct associated with ,8 , ) ; n = 1 tC· N 
J '2-
(N: total number of the state variables, i, e., tot.al nu..mber cf the nodal 
points in finite elements); i - 1 '\.o I (I: total number of the decisi:.c;~ 
variables); and Z = 1 '\.o LT (LT: total number of the constraints). 
Therefore, FELP Method is one that optimizes the objective funccion 
under the conditions of the equilibrium equations and the constraints. 
Since all of the variables in linear programming have to be nonnegative 
because of the limitation in the computational algorithm based on the 
simplex method (4), the conditions of Eq. 7 are required, 
In FELP Method the number of the variables (N+I), the number of the 
equilibrium equations is N, and the number of the constraints ~s L1 ~ 
respectively. In the sense of general linear programming, the 
equilibrium equations of FELP Method are also the constraints. Thus, 
FELP Method is a kind of linear programming in which the number of the 
variables is (N+I) and the number of the constraints is (N+LT), 
respectively, 
In FELP Method the solution for the decision variables and the 




3-3. Water Pollution Control by FELP Method 
3-3-1. Systems of Basic Equations in Diffusion-Convection Phenomena 
The basic equation systems of two-dimensional diffusion-convection 
phenomena with constraints and an objective function are as follows: 
Equilibrium Equations 












D ~ l = - q - K (ifl - ~ ) 
xk axk xk a 
+ 
const 
on s 1 
Constraints (in the subdomains of the water basin ~) 
s 
Nonnegative Conditions 








in which 4J =the state varaible, i.e., water quality (e.g .• temperature or 
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concentraition in the water basin)~ (l = 8 = the decision variable, i.e., 
controllable load (heated discharge from multi-port diffusers (24) or 
u pollutant issued from waste out falls) ~ Q · '" uncontrollable load ( 
inevitably or naturally generated source or sink. existing unexcludable 
discharge); Dxk = diffusion coefficient (D or D ); vk"" convective 
X y . 
velocity (v or V )· K =heat transfer coefficient at the water surface 
X y ' 
or decay factor of pollutant; S1 and S2 = the parts of the boundary S; 
~b = prescribed boundary value; zxk = the direction cosine of the outward 
normal to the boundary (Z or l ); q =the intensity of flux per unit 
X y 
length of the boundary; K = heat transfer coefficient or decay factor of 
the surrounding boundary; ~ = the temperature or concentration of the 
a 
surrounding boundary; ~ = the upper limit of the state variable (water 
quality requirement) and ~ = the upper limit of the controllable ]_oad 
arising from the conditions in the outfalls. 
If D and D are equal and both q and K are equal to zero~ a well= 
X y 
known condition applicable to non-conductive boundaries is obtained, that 
is a~/an == 0. 
Although, the objective function may be composed of the controllable 
loads and water quality distribution in general, the maximizat::.on of t.he 
total of the controllable loads i~, sought in the numerical examples for 
simplicity. From the view point of the assimilation capacity of the 
environment, such an objective function gives us the upper limit o':' the 
total acceptable load in the water basin. 
As for the constraints, although only the upper limits of the state 
variable and the decision variable (controllable load) are imposed in the 
I 
above systems, the lower limit of the decision variable may occasionally 
become necessary with respect to the conditions of the problems. Such .s. 
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condition may occasionally arise from the hydraulic conditions in the 
outfalls or from the treatment, efficiencies in plants" 
(16) 
The formulation presented above is concerned with a ~wo-dimensio~al 
scheme which is suitable for large bodies of water such as lakes and 
ocean. The scheme may be easily extended to three-dimensional pron1ems 
in a similar manner. 
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3-3-2. Formulation of FELP Method in Water Pollution Control 
The application of FELP Method to the systems of the diffusion-
convection phenomena mentioned above yieids the fcl.:c_oFing ma-crix-vector 
forms. 
Equilibrium Equations (N-Eqs.) 
[ A ] { <P } + [ D ] { .Q~} 
n J " (NxN) (Nxi) 
Con~traints ((LT = L+I)-Eqs.) 
[ g<~> ]{q>n} 
(LxN) 




cj>n ~ 0 (n = 1 '\, N), 
Objective Function 








{ i } 
m Z 
-c { .Q.} 
J " 
.Q~ ~ 0 ( i = 1 '\, I) 
J " 
N c<~> <P ( ops. E + 





I 8 c E c. .Q ,) 
i=1 1, J 1, 
(21) 
in which [A] = the state matrix = the stiffness matrix; [0] = the decision 
matrix; [gcj>] = the sub-state-constraint matrix; [g 6 ] = the sub-decision-
constraint matrix, unit matrix; .Q~ = .8. = ith controllable load (ith 
J 1.- ,7 1, 
decision variable); j. =nodal point number fitted for the location of ith 
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controllable load; 4> ;:: wtJ,ter quality at the nodal :point n (nth state n . 
variable); Qu ;:: uncontrollable load at the rrodal point n; .(f ;:: upper 
n J ~ 
limit of ith controllable load; m~l = lth water quality requirement; m = 
regulated nodal point number in lth water quality requirement; i = 1 ""' I 
(I: total number of the controllable loads, i.e., total number of ncdal 
points fitted for the locations of the outfalls of the controllable loads 
); n = 1 ~ N (N: total number of the state variables, total number of the 
nodal points); Z = 1 ~ L (L: t~tal number of the regulated nodal points 
in water quality requirements); and LT = L +I= total number of the 
constraints. 
In the consideration of the loads, it should be noted that in FELP 
Method, as in finite element method, concentrated loads are fundamental 
apd distributed loads are displaced by the equivalent concentrated loads. 
Therefore, in FELP Method all of the loads expressed in .Q~ and Qu are J ~ n 
concentrated loads at the nodal points. 
In the maximization problem of total of the controllable loads~ all 
of the state-evaluation coefficients(cost coefficients associated with 
{a$}) are equal to zero and all of the decision-evaluation coefficients 
n 
e (cost coefficients associated with {a.}) are equal to '1' as shown in 
~ 
Eq. 21. 
Eqs. 18 and 19 are equal to the following equations. 
~ < t (l : 1 ""' L) 
"'m = m l 
.Q~ < .~ (i = 1 ~ I) 
J'!-=-J'!-
As for the details of the matrices [A), [D}, [g4>] and [g 8 ]~ see the 




3-3-3. Discretizat!on by ~inite Element Method 
Finite element method, originated in stl·uctu.ral mechanics:; has been 
extended to many other physical phenomena because of its gene:ra2ity ¥ith 
respect to geometry and material properties. Finite element analysis 
has been extended to diffusion phenomena recently (3. 17)< Various 
formulation techniques of the finite element method have been developed. 
In this research Galerkin finite element method is used because of i~s 
independency of variational principle. As for the details of Galerkir. 
finite element method, one may follow Zienkievicz (25). 
The water basin to be analyzed is divided into small regions ca~le~ 
finite elements. (See Fig. 3-1). Two kinds of triangular elements shown 
in Figs. 3-2(a) and 3-2(b) are adopted in this research. The central 
idea common to all varieties of the finite element method is the 
description of the variation of unknown (the state variable ~ for the 
present instance) by shape functions in each element. The description is 
given by the following approximation. 
R 
~ = [N]{$}e = E Nr ~r 
r=l 
(22) 
in which [N] = [N1 .. Nr •. NR] =the usual shape functions expressed by 
( \ ( ) { 1e . t' +' , - , area coordinates L1., L2~ L3 ,, see Notes ; <j>J = lls 1.ng o ... no::raJ. vs..t.ues 
for paticular element; R =number of the nodal points in an element = 3 (in 
Fig. 3-2(a)) or 6 (in Fig. 3-2(b)); and <P discrete nodal representation. 
r 
Using the weighted residual process (25) for the diffusion convection 
equation (Eq. 9) ~ we obtain the following equation. 
2 a (D lL; 
2 
lL- c [ Qu] d:x: dy I' (23) f !./. w 1: E v, K !)l + Q + u n k=l 'dxk xk 'dxk k=1 K ax1 s K 
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in which W = weighting function. 
n 
Integrating the first term in Eq. 23 by parts> we obtain the 
following nth equation in the N-equilibriwm equations. 
2 ~ c u l: vk W " + K w cp - Q w - Q w ] dx dy = o k=l n axk n n n ( 24-) 
Using the expression o~ the boundary conditions (Eqo ll), the first 
term in Eq. 24 is rewritten as follows: 
;;:;: - (25) 
In Galerkin finite element method the shape functions are used as the 
weighting functions. 
W = N 
n n 
(26) 
Inserting Eqs. 22, 25 and 26 into Eq. 24, the element contribution to 
the integrals in Eq. 24 can be written as follows: 
with 
R 
l: ae ~ + q0 + qu = 0 (r ;. 1 ~ R) 
rs '~'s r r 
s=1 
+ K !, N N db.+ K f 2 N N ds 2 (r, s = 1 ~ R) 





u = Qu J N d~ - q J 2 N ds 2 + K 41 J 2 N ds 2 (r = 1 ~ R) qr · t:. r · ~ r q s r 
e in which s = summation subscript; 4rs == element (factor) of element 
stiffness matrix; q0 = equivalent nodal controllable load at the nodal p 
(30) 
u point 1'; q = equivalent nodal uncontrollable load at the nodal pcint 1"'; 
1' 
t:. =area of each triangular element; and s 2 = segment of the boundary S 2 • 
Summation of the contribution from the all.elements yields the 




in which p 
= (n = 1 ~ N) 
= summation of the global stiffness matrix; and Q0 = 
n 
controllable load at the nodal point n. 
The notation E in Eq. 32 means the summation over all the elements, 
( 31) 
(32) 
c In order to reduce the number of the decision variables from N to I, Q 
n 
in Eq. 31 should be dropped at the nodal point where the outfall for the 
controllable load does not exist. Then, in Eq. 17 .Q~ is used instead of J 1-
Q0. The decision matrix in Eq. 17 is composed of zero elements with the 
n 
exceptions of '-1fin I elements whose row number is j and whose column 
number is i (see. Eq. 34). 
On the boundary sl with the prescribed boundary value of ~ = ~b (Eq. 
10), the equilibrium equation is corrected as follows: 
I 
a cp = 4/b, or 
nn n 






Fig. 3-2(a}. Triangular Element with 
Three Nodal Points 
Fig. 3-2(b). Triangular Element with 
Six Nodal Points 
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3-4" Explanation by a Simple Model 
In order to clarify the features of FELP Method, the systems of the 
governing equations are written down for a simple square model basin in 
a specific form with non-conductive boundaries, or 39/2n == 0 on the four 
surrounding boundaries as shown in Fig. 3-3. The obtained matrix-vector 
forms of FELP Method are as follows: 












4 (5x9) 1 
5 G 1 
______ :p _____ _ 
6 (8x9) 










1 J ge 
(3x3) 1 
= Q~ (= 3.0) 
= Qu (= 0) 
2 
4>1 = Q~ (= 3.0) 
<P2 = Q~ (= 0) 
cp3 = Q~ {= 0) 
<P4 = Q~ (= 0) 
Qu (= 0) 
7 
Qu (= 0) 
8 
Qu (= 0) 
.9 








z ~ Max. 0 c c c ~ J.Q~ ~Max. (~Q1 + Q + Q J v ~ 5 2 8 3 i=1 (38) 
The units of the water quality and the loads are not desc~ibed, 
because the method is applicable to general physical problems ~rrespective 
of the variables considered. 
Computed results for the controllable loads { .Q~}~ water qualities 
J '1-
{~n} and objective function Z are shown in Fig. 3-4. It should be noted 
that the distribution pattern of the water quality in Fig. 3-4 arises 
from the resultant loads composed of the obtained controllable loads 
{ .Q~} and the given uncontrollable loads {Qu}, J -z- n 
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y 
0 = 1.0 m2/sec 
X 
0 = 1.0 m2jsec y 
K = 0.001 lfsec 
v :::::: 0 f~4>2 X 
3f/on = 0 (On the Four Boundaries) 
~: Nodal Point for Controllable load 
<::> Nodal Point for Uncontrollable Load 
~: Regulated Nodal Point in Water Quality 
Requirement (m~Z = 3.0, Z = l ~ 5) 
v ::: 0 y 
I = 3 
N = 9 
L = 5 
LT = L + I : 




(i = l "" 3) 




cl 8Q3= 2.3 
~116.7 $2116.4 ~316.7 
1-----------2-----------3 
c 2Q1=30.0 
z = Qc + Qc + Qc 
2 l 5 2 8 3 
= 30.0 + 13.4 + 2.3 = 45.7 
Fig. 3-4. Results of FELP Method 
in a Simple Model Basin 
' . 
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3-5. Numerical Examples in a Model Basin 
Numerical examples of FELP Method are conducted in a rectangular 
model basin as shown in Fig, 3-5. Two runs are done under the different 
conditions as shown in Table 3-l. However. the input data shown ir ~ig. 
3-5 and those described below are the same in both runs. 
Consider the case in which there will be further increases of s~eady 
waste discharges over the exisiting steady waste discharges. The 
u 
existing steady waste discharges, or the uncontrollable loads~ are, Q43 , 
Q~d· Q~7 and Q~4 , respectively. They are known loads and their magnitude 
is equruly JO.O. Further increase of the outfalls for the waste discharges 
due to the increase of power of the plants is planned. The locations of 
the outfalls are planned at the six nodal points, or, 42, 59, 76, 93, 110 
and 12?. The waste discharges issued from these six outfalls are the 
c c c c c 
controllable loads to be solved, or, 42Q1 ~ 59Q2 , 76Q3 , 93Q4 , 110Q5 and 
127Q~. The imposed upper limit of the controllable loads j~ is equally 
30.0 (i = 1 ~ 6). Twenty eight nodal points are regulated in the same 
water quality requirement, or, m~l = 3.0 (l = 1 ~ 28), 
we would like to know which part of the increase of waste discharges 
should be allocated to these six outfalls to meet the water quality 
requirement and also to know the maximum of the acceptable volume of the 
increase of waste discharges. The maximum should be known fro~ the 
standpoint of environmental assessment and is given by the total of the 
controllable loads, or the objective function. 
The solutions for the controllable loads and the objective function 
in both runs are shown in Table 3-2. The sets of the solution { .Q~} J ~ 
give us the optimal locations for outfalls shown by the nodal point 
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number J. and the ontimal volumes shown by the { .Q~} themselves. 
~ J ~ 
The distribution patterns of the water quality obtained by the 
resultant loads composed of the controllable loads { .Q~} and the 
,} 1., 
uncontrollable loads {Qu} are also shown in Figs. 3-6(a) and 3-6(b), 
n 
The units of the water quality and the loads are not attached in order 
to show that the method is applicable to various water qualities. 
Table 3-1. Input Data on Current Speed and Boundary Conditions 
Conditions Run l Run 2 
(1) (2) ( 3) 
Current Speed v = 0 v = 0 v = 0.03 m/sec$ v = 0 X _, y X y 
Boundary 1 acp/ay = 0 acp/ay == o 
Boundary Boundary 2 acp/ax = o cp = 0,1 
Conditions Boundary 3 acp/ax = 0 I <P = 1 <; ..:.~V i 
Boundary 4 acp/ay = 0 I acp/ay = o i 
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Table 3-2. Controllable loa:ls and Object'lve Function 
'"""'~~~---~ 
Controllable Associated Run 1 Run 2 
--
Load Nodal Controllable Load Controllable Loa C. 
Number Point (Concentrated Load) (Concentrated Lead) 
i j c c • Q. .Q . 
J 'l- J 1.-
(1) (2) (3) (4) 
1 42 0.0 30.0 
2 59 0.0 7.5 
J 76 8.1 0.0 
4 93 30.0 30.0 
5 110 30.0 30.0 
6 127 30.0 30o0 
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3-60 Comparison with Analytical Method 
3-6-1. Analytical Method by Double Fourier Series 
An analytical method by Fourier series (7) is considered in order to 
check the computations of FELP Method. 
Consider the following diffusion equation with non-conductive 
boundaries. 
D ~ + D ~ - K <P + Q(x,y) = 0 
x axz Y ayz 
( 39) 
It is desirable to have a solution of Eq. 39 for a given load Q(x~y). 
Such a solution can be found if the load is distributed according to the 
following formula: 
(X) (X) 
where Q is a constant and expressed in the following equation" 
mn 
2 LX L 
Qmn ::o: y;- J 0 L2 J 0Y Q(x,yJ cos 'f-x cos J!y dy dx 
X y X y 
(m = 0, 1, 2, 0. '.J ooJ; (n = 0_, 1, 2_, 0. '.J oo) 
Such a technique in which the load is displaced by double Fourier 
series so as to satisfy the given boundary conditions is used in 
structural analyses. The first solution of the problem of bending of 
simply supported rectangular plates and the use for this purpose of 
double Fourier series are due to Navier, who presented a paper on this 
subject to French Academy in 1820 (22). 




solution in the following form 
00 00 
¢ E E cpmn -- cos 
mzO nzO 
with unknown constant cp • 
mn 
mn nn (42) £.C cos r-Y 
.LJ 
X y 
Substituting Eqs. 40 and 42 into Eq. 39 and dropping the trigonometric 






D (m1T) + D (nn) + K X L y L 
X y 
(43) 
Substitution of the above expression into Eq. 42 yields the following 
solution. 
00 00 Qmn 
¢ E E m1T nn z cos 
-y;-x cos y;1J 
mzO n==O ~1T 2 2 D -) + D (mr) + K X y X L y L 
X y 
(44) 
3-6-2. Check Analysis of Run 1 by Analytical Method 
The distribution pattern of the water quality in Run l is obtained by 
FELP Method in the previous section as shown in Fig. 3-6(a) is compared 
with that obtained by the analytical method mentioned above. 
The input data used with the analytical method are shown in Fig. 3-7. 
The input loads Q(x,y) in the analytical method are the resultant loads 
composed of the given uncontrollable loads {Qu} and the obtained 
n 
controllable loads { .Q~} in Run 1. The maximum number for both m and n 
J " 
adopted in the check analysis is 100 and double precision is used. 
The results obtained by the analytical method are shown in Fig, 3-8 
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3-7. Concludin9 Remarks 
Finite element & linear programming method (FELP Method, or, the F.E. 
& L.P. Metod) for water pollution control was described. Some numerical 
examples in model basins were also presented. The computations of FELP 
Method were checked by an analytical method based on double Fourier series. 
A new criterion for selecting the locations of outfalls and the 
optimal volumes of discharged waste water may be given by FELP Method. 
The tractability in both the boundary conditions and the equality or 
inequality constraints makes sure that the method becomes powerful 
technique for several new types of boundary value problems. 
Most practical applications of linear programming make use of the 
degital computer and existing computer codes. However, in order to save 
computer time and memory, an efficient computational algorithm of FELP 
Method has been developed by taking note of the fact that the method has 
special structures. The details are presented in Chapter 4. 
In a manner similar to FELP Method, finite difference & linear 
programming method (FDLP Method, o~ the F.D. & L.P. Method) has been 
developed by the combined use of the finite difference method with linear 
programming. (See. Chapter 2). Aguado and Remson made a pioneering 
research associated with FDLP Method in the field of ground water 
management (1). 
Finally, the problems to be attacked from now on in the applications 
of FELP Method should be mentioned. Extension of the method to the time 
domain is necessary to solve transient problems. As for the extension 
of FELP Method to the time domain (transient finite element & linear 
programming mtthod, o~, T. FELP Method), see Chapter 5. The related 
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methods such as finite element & non-linear programming method and finite 
element & integer programming method could be developed. The developments 
certainly make it possible to solve more complicated problems. Review 
and further progress of finite element method (the basis of FELP Method) 
in fluid mechanics will widen the applicability of the proposed method. 
Comparison with other analytical methods, and experiments and field data 
should be extended to make the applicability of the method wider. 
The computational work in this chapter was performed by using the 
computer center of the University of Tokyo and its program library for 
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Notations 
The following symbols are used in Chapter 3: 
[A] = [a ] = state matrix ~ global stiffness matrix, (NxN) matrix; 
np 




b = constant in governing equation; 
b~ = constant in lth constraint; 
b = constant in nth equilibrium equation; 
n 
c 7 = coefficients in governing equation; 
8 




c~ = satate-evaluation coefficient = cost coefficient associated 
n 
[ D] = 
with ~ ; 
n 
[d .] =decision matrix; (Nxi) matrix; 
n"Z. 
Dxk =diffusion coefficient (D or D) L2T-1. 
X y , ' 
D.E. =differential equation (governing equation); 
f = 
[G8] = 
[ G~] = 
[ g8] = 
[ g~] = 
objective function; 
decision-constraint matrix, (LTxi) matrix; 
state-constraint matrix, (LTxN) matrix; 
[g~.] =sub-decision-constraint matrix, (Ixi)unit matrix; 
"Z."l. 
[g!n] = sub-state-constraint matrix, (LxN) matrix; 
g = constraint; 
h = boundary condition; 
I = total number of decision variables (total number of controllable 
loads); 
i = 1 "'I= decision variable number (controllable load number); 





K = heat transfer coefficient at water surface or decay factor of 
pollutant, r-1; 
k = index of coordinates; 
LJ = area coordinates; 
L = total number of regulated nodal points in water quality 
requirement; 
LT = total number of constraints in general FELP Method; 
L = lengths in x and y directions of water basin, L; y 
z = 1 
"' 
L = water quality requirement number; 
z = 1 
"' 
LT = constraint number in general FELP Method; 
Zxk =direction cosine outward normal to boundary (Zx or Zy); 
m = nodal point number associated with lth water quality 
requirement; 
m, n = component numbers in x and y directions in double Fourier 
series; 
NR] = shape functions expressed by area 
coordinates; 
N .J N .J N = shape functions associated with nodal points n, r and s; 
n r B 
N =total number of state variables (total number of nodal points); 
n.J p = 1 "'N =state variable number (nodal point number); 
" 
= e =decision variable (controllable load); 
= lower limit of controllable load; 
QP = upper limit of controllable load; 
c 
.a. ith decision variable ( i th controllable load); .Q. = =· J t. J t. 
-::0 limit of ith controllable load; .Q. :::; upper J 1, 
Qu = uncpntrollable load; 
Qu = uncontrollable load at nodal point n; n 
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Qmn = known coefficient associ~:tLed with given load; 
Q(x,y) = given load in analytical method; 
q = intensity of (heat) flux per unit length of boundary; 
a a 
equivalent nodal controllable loads at nodal points in qn, q1' = n and 1' 
each element; 
u u 
equivalent nodal uncontrollable loads at nodal points n and 1' in qn, q1' = 
each element; 
R = number of nodal points in each triangular element (3 or 6) ; 
1', 8 = 1 ~ R = nodal point numbers in each element; 
s = boundary (sl + s2) • 1 or L2 ; 
sl, s2 = parts of boundary S, Lor 1 2 · ,
s2 = segment of part of boundary s 2 , Lor 1 2 ; 
vk = convective velocity (v or v ), 1T-1 ; X y 
w = weighting function; 
n 
xk = Cartesian coordinate of boundary ( X' y or z). L; 
xk = Cartesian coordinate (x, y or z), L; 
z = objective function; 
K = heat transfer coefficient or decay factor of boundary, LT- 1 ; 
G = lower limit of decision variable; 
e = upper limit of decision variable; 
e = decision variable; 
.e. 
J t. = 
ith decision variable; 
~ = lower limit of state variable; 
~ = upper, limit of state variable; 
4> = temperature or concentration of surrounding boundary; 
a 
4>b = pre~cribed boundary value; 
m4>l = Zth water guality requirement; 
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$=state variable (water quality in water basin); 
{$}e = listing of nodal values for each element; 
$n' <j>p = nth and pth state variables (water quality at nodal points n 
and p); 
~ ~ - discrete nodal representations of state variables of each 
"'r" "'s 
element; 
~ = unknown coefficient associated with state variable in 
"'mn 
analytical method; 
~ =whole domain (whole water basin), 12 or 1 3 ; 
8 
~ = subdomain associated with constraints, 12 or 1 3 ; 
B 
~=area of triangular element, 12 ; 
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Notes. Area Coordinates and Shape Functions 
(1). Area Coordinates 
A convenient set of coordinates (area coordinates) L , L and L for 1 2 3 
triangle (see Figs. 3-2(a) and 3-2(b)) is defined by the following linear 




To every set, L1 , L2 and £ 3 (which are not independent, but are related 
by Eq. A-3) corresponds a unique set of Cartesian coordinates. At point 1, 
L1 = 1 and L2 = L3 = 0, etc. A linear relation between the new and 
Cartesian coordinates implies that countours of L1 are equally placed 
straight lines parallel to side 2•3 on which L1 = 0, etc. 
Indeed it is easy to see that an alternative definition of the 
coordinate L1 of a point P is given by a ratio of the shaded triangle to 
that of the total triangle. 
Area P23 
L =----
l Area 123 
(A-4) 
Hence the name of area coordinates is derived. 






1 x1 y11 
1 D. =- det 1 x2 y2 : Area 123 2 (A-8) 





with the other coefficients obtained by a cyclic permutation of subscripts 
in the order, 1~ 2~ 3. 
When element matrices have to be evaluated it will follow that we are 
often faced with integration of quantities defined in terms of area 
coordinates over triangular region. It is useful to note in this context 
the following integration expression 
a! b! c! 
J, La Lb L0 dD. = ------- 2D. 
o 1 2 3 (a+ b + c + 2)! 
(A-12) 
(2). Shape Functions 
In triangulaP element with three nodal points 
In the triangular element with three nodal points (see Fig. 3-2(a)), 
the shape functions [N] = [N1 N2 N3] are simply the area coordinates. 
(A-13) 
I 
In triangular element with six nodal points 
In the triangular element with six nodal points (see Fig. 3-2(b)), the 
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N1 = (2L1- 1JL1 ~ etc. (for corner nodal points) (A-14) 
N4 = 4L2L3~ etc. (for mid-side nodal points) (A-15) 
(3). Differentiation of Shape Functions 
The differentiations of shape functions are as follows: 
In triangular element with three nodal points 
(A-16) 
(A-17) 
In triangular element with six nodal points 
(A-18) 
(A-19) 
(for corner nodal points) 
(A-20) 
(A-21) 
(for mid-side nodal points) 
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Chapter 4 
EFFICIENT COMPUTATIONAL ALGORITHM FOR FINITE ELE~1ENT & LINEAR 
PROGRAMMING METHOD AND FINITE DIFFERENCE & LINEAR PROGRAMMING METHOD 
Summary 
An efficient computational algorithm for finite element & linear 
programming method (FELP Method, or, the F.E. & L.P Method) and finite 
difference & linear programming method (FDLP Method, or, the F.D. & L.P. 
Method) is studied in order to control water pollution problems. FELP 
Method has been developed by the combined use of finite element method 
with linear programming in order to solve systems of differential 
equations with both equality or inequality constraints and an objective 
function. (See Chapter 3). In a manner similar to FELP Method, FDLP 
Method has also been developed and systematized by using finite 
difference method with linear programming. (See Chapter 2). The problems 
formulated by FELP Method or FDLP Method could be solved by using 
existing computer codes for linear programming based on the two phases 
of the simplex method. However, in order to save computer time and 
memory, an efficient computation~ algorithm of FELP Method and FDLP 
Method is developed by taking note of the fact that the problems 
formulated by these methodshave special structures. In the proposed 
algorithm, by using Gaussian Elimination, an initial basic feasible 
solution of the simplex method is obtained without the introduction of 
artificial variables. 
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4-1. General Concepts 
An efficient computational aLgorithm for finite element & linear 
programming method and finite difference & linear programmng method 
is developed in order to control water pollution problems governed by 
the diffusion convection equation. Finite element & linear programming 
method (FELP Method, or, the F.E. & L.P. Method) has been developed by 
the combined use of finite element method with linear programming in 
order to solve systems of differential equations with both equality or 
inequality constraints and an objective function. (See Chapter 3). In 
a manner similar to FELP Method, finite difference & linear programming 
method (FDLP Method, or, the F.D. & L.P. Method) has also been developed 
and systematized by using finite difference method with linear 
programming. (See Chapter 2). 
Generally, most practical applicationsof linear programming (1,3,4, 5 
and 6) make use of degital computer and existing con1puter codes. The 
problems formulated by FELP Method or FDLP Method could be solved by 
using existing computer codes for linear programming based on the two 
phases of the simplex method. The two phases of the simplex method, 
however, need large computer time and memory to obtain an initial basic 
feasible solution. In this chapter, in order to save computer time and 
memory, an efficient computational algorithm for FELP Method and FDLP 
Method is studied by taking note of the fact that the problems formulated 
by these methodshave special structures. By using Gaussian Elimination, 
an initial basic feasible solution of the simplex method is obtained 
without the introduction of artificial variables. The details of the 
I 
al,~orithm are shown through a numerical example of FELP Method. 
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4-2. Initial Basic Feasible Solution 
4-2-1. Conversion of Linear Inequality Systems to Standard Systems 
The obtained matrix-vector forms of FELP Method and FDLP Method in 
water pollution control are as follows (see Eqs. 17-21 in Chapter 3 and 
Chapter 2): 
EquiLibrium Equations (N-Eqs.) 
[ A ]{<j> } + [ c + {Qu} (for FELP Method) D ]{ .Q.} = 
n n J 1.-
(17) (1) 
[ A ] { <1> } + [ D ] { .Q~ } = - {Qu} (for FDLP Method) 
n J 1.- n 
Constraints ((LT = L+I)-Eqs.) 
[ g<~> ]{<j>n} < {miL} (18) (2) 
8 c [ g ]{ .Q.} 
J 1.-
Nonnegative Conditions 
<j>n ~ 0 (n = 1 '\, N) .. 
Objective Function 
Opt. f ({<j>n}.. c z = { .Q.} ) 




-=C { .Q.} J 1.-
.Q~ > 0 (i = 1 '\, I) J 1.- = 
N 
c<l> <I> + ops. ( L: 
{ .Q.} n=1 n n J 1.-
I 8 8 c (c.= 1 for FELP Method) 1.-::::: MG_!B. L: c .. Q. 
{ .Q.} i=1 1.- J 1.- (c~ = .a. for FDLP Method) J 1.- J 1-
(19) 
(20) 
I 8 c 
L: c. .Q .) 
i=1 1.- J 1.-
(21) 
I 
in which [A]= [a ] =the state matrix (the global stiffness matrix), 
np 






= [gin] = the sub-state-constraint matrix, (LxN) matrix; [g6] = [g~i] = 
the sub-decision-constraint matrix, (Ixi) unit matrix; ~ = nth state 
n 
variable= water quality at the nodal (mesh) point n; .Q~ = .8. = ith 
J 1- J '/-
decision variable = ith controllable load; j = nodal (mesh) point number 
associated with ith decision variable; Qu = constant in nth equilibrium 
n 
-:::a 
equation =uncontrollable load at the nodal (mesh) point n; .Q. =the 
J '/-
upper limit of ith controllable load; m~l = Zth water quality requirement; 
m = regulated nodal (mesh) point number in Zth water quality requirement; 
a~ = state-evaluation coefficient = cost coefficient associated with ~ ; 
n n 
e 
a. =decision-evaluation coefficient= cost coefficient associated with 
t. 
a i = 1 "' I (I: decision variables, i.e., total .Q.; total number of the J 1-
number of the controllable loads); n = 1 '\, N (N: total number of the 
state variables, i.e., total number of the nodal (mesh) points); l = 1 '\, 
L (L: total number of the regulated nodal (mesh) points in water quality 
requirements); LT = L +I= total number of the constraints. 
In the maximization problem of total of the controllable loads, all of 
the cost coefficients {a~} are equal to zero, and all of the cost 
n 
coefficients {a~} are equal to '1' (for FELP Method) or '.a.= area 
t. J '/-
governed by mesh point j' (for FDLP Method) as shown in Eq. 5. 
In the followings, in order to ~void the combersome in the symborical 
a u 
treatments, the following symboles are used in stead of jQi, + Qn, m~l 
and -:::a .Q •• J 1-
a 
e. = .Q., 
t. J t. 
b = + Qu, 
n - n 
b~ = .({. 
t. J t. 
The discretized equation systems (Eqs. 1-5) contain inequality 
co~straints (Eqp. 2 and 3). In developing solution procedures of FELP 
Method or FDLP Method', we shall find much easier to work with equality 
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( 6) 
constraints. By converting the inequalities to the equalities through 
the use of nonnegative variables, or slack variables {~l} and {vi}' we 
obtain the standard systems (1) expressed in linear simultaneous 
equations. 
Equilibrium Equations (N-Eqs.) 
[A H<P l + [ D ]{e.} 
n 1-
Constraints ((LT:;;: L+I)-Eqs.) 
[ g<P ] {<jln} + {Ill} 
[ g6 ]{6.} 
1-
Nonnegative Con(ii tiona 
<Pn ~ 0 (n 
~l ~0 (L 
Objective Function 










:;;: 1 ru N), 
:;;: 1 ru L), 








Opt. ( r 
{ 6.} n:;;:l 
1-






(i :;;: 1 ru I) 
(i :;;: 1 'U I) 
c4> <P 
I 6 + L a. 6 .) 







In the above standard systems, the number of the linear simultaneous 
equations is (N+LT) and the number of the variables is (N+I+LT). 
- 121 -
4-2-2. Initial Basic Feasible Solution and Canonical Systems 
The obtained standard systems are solved by using the simplex method 
(1, 3, 4). Beforethe use of the simplex method, however, it is necessary 
to find a solution which satisfies Eqs. 7-10. Such a solution which 
satisfies the given conditions (Eq. 7-10) is called basic feasible 
solution. The simplex method is always initiated with a program whose 
equations are in canonical systems which apparently show a basic feasible 
solution (1). In the case where a canonical systems (1), or an initial 
basic feasible solution, can not be found, we have to use the two phases 
of the simplex method. The first phase of the two phases of the simplex 
method augments the systems to include a basic set of artificial 
variables {xn}, {xi} and {x~} as follows: 
Equilibrium Equations (N-Eqs.) 
[A]{~ } + [ D ]{e.} + {x } = {b } n '~- n n 
Constraints ((LT = L+I)-Eqs.) 
[g~]{cp} + {~l} + 
n 
{xcp} = z {bcp} z 
[ge]{e.} + {\1.} e {b~} + {x.} = 
1.- .1- 1- 1-
Nonnegative Conditions 
cpn ~ 0 (n = 1 "'NJ, e . 1- ~0 (i = 1 "' I) 
~z ~0 (l = 1 "' L), \), ~0 (i = 1 "' I) t. 










Z = Min. ( E 
n=l 
X + n 
L I 





In the above canonical systems the number of the simultaneous equations 
is (N+LT) and the number of the variables is (N+I+LT+N+LT). Therefore, 
the first phase of the two phases of the simplex method requires 
considerable computer time and memory because of the introduction of the 
artificial variables. 
In this research, however, by taking note of the fact that FELP 
Method and FDLP Method in the present problem have special structures, 
an efficient computational algorithm to obtain an initial canonical 
systems, or an initial basic feasible solution, is develope~without the 
introduction of artificial variables. In the followings the details of 
the algorithm are mentioned. 
At first the equilibrium equations (Eq. 7) in the standard systems 
are transformed by using Gaussian Elimination (2) as shown below. (As for 
the details, see Notes), 
[AI H<P} + [ o~]{e.} = {B} 
n <- n 
(17) 
, or 
= {B}- [ o~]{e.} 
n " 
(18) 
in which [AI] =the transformed state matrix, (N-'N) unit matrix; [D~] = 
the transformed decision matrix, (Nxi) matrix; and {B } = transformed 
n 
constant vector. 
The transformed equilibrium equations mean solution for the state 
vadables· { ~ } expressed in the decision variables {e.}. 
n " 
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Replacing Eqs. 7 and 8 by Eqs. 17 and 19, we obtain the initial 
canonical systems in the efficient computational algorithm of FELP Method 
and. FDLP Method, that is: 
EquiLibrium Equations (N-Eqs.) 
[AI ]{~ } + [ o~]{8.} = {B } (22) n -z.. n 
Constraints ((LT = L+I)-Eqs.) 
[ W ]{8i} + {ut} = {B~} t (23) 
[ 98 ]{8i} +{v.} ::::; {b~} (24) 
'!, '!, 
Nonnegative Conditions 
8. > 0 (i = 1 ~I) 
'!, = (25-l) 
Uz ~ 0 (t = 1 ~ L)~ v. > 0 (i = 1 ~I) 
'!, = (25-2) 
Objective Function 
N c~ ~ + I 8 z = Opt. f ({~ }, { 8 . } ) = Opt. ( E E c. 8 .J { e . } n '!, { 8.} n=l n n i=1 '!, '!, 
'!, '!, 
I 8 
"' Max. E c. 8 . 
{ 8 '} i=1 '!, '!, 
(26) 
'!, 
Since [AI] and [g6 ] are unit matrices, we can easily find a solution 
which satisfies the given conditions (Eqs. 22-25), that is: 
{~ } = {B } (n = 1 ~ N) 
n n 
(27-l) 
{ 6 • } 
-z, = 
{ 0 } (i = 1 ~I) (27-2) 
{).lz.} = {B~} rz. = 1 ~ L) z. (27-3) 
6 (i 1 ~I) { \).} = {b '} = 
-z, -z, 
(27-4) 
This is the initial basic feasible solution in the efficient 
computational algorithm of FELP Method and FDLP Method. Therefore, in 
the initial canonical systems, the basic variables are {~n}, {).lz.} and 
{ v.}, and the non-basic variables are { 6 , } , respectively.· 
-z, -z, 
Since in the initial basic feasible solution all of the decision 
() 
variables {6.}, or all of the controllable loads { .Q.}, are equal to 
-z, J -z, 
zero, the initial basic feasible solution for the state variables~ {B }, 
n 
gives us the distribution pattern of the water quality which arises 
exclusively from the uncontrollable loads {Qu}. 
n 
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4-3. Improvement of Basic Feasible Solution 
4-3-1. Formulation of FELP Method in a Simple Model Basin 
In order to improve the basic feasible solution, the simplex method 
is used for the canonical systems (Eqs. 22-26). As for the details of 
the simplex method, one may follow Dantzig (1) or Gass (3). The 
optimization procedures (the maximization procedures of total of the 
decision variables in the present instance) are explained through a 
numerical example of FELP Method in a rectangular model basin with 
non-conductive boundaries as shown in Fig. 4-1. The obtained matix-
vector forms of FELP Method are as follows: 
1 2 J 4 5 6 1 2 
1 1. 21 -0.40 0.00 -0.40 0.00 0.00 0 0 = b 1 (= 2.00) 
2 -0.40 2.83 -0.40 0.21 -0.80 0.21 -1 0 <P1 = b2 (= 0) 
J 0.00 -0.40 1. 21 o.oo 0.00 -0.40 0 0 cjl2 = b3 (;: 2. 00) 
A D 
4 -0.40 0.21 o.oo 1.42 -0.40 0.00 0 0 4>3 = b (= 0) 4 (28) 
5 0.00 -0.80 0.00 -0.40 2. 42 -0.40 0 -1 4>4 ;: b 5 (;: 0) 
6 0.00 0.21 -0.40 0.00 -0.40 1.42 0 0 <P5 = b6 (= 0) 
1 0 0 0 1 0 0 Zero 4>6 < b<P (= 3. 00) 9¢ = 1 




< be J 1 6 0 e2 (= 5.00) 
Zero Matrix 6 = 1 9 8 4 0 1 ~ b2 (=20.00) 
( 29) 
( 30) 




c<P <P + 
2 e z = Opt. ( 1: E c. 6 .) ::: Max. (81 + 62) 








c •-;:;(; 5Q2~Q2 
~3 
3 
u_2 Ql- .00 Q~=2.00 
·aljl/an = 0 (On the four boundaries) 
~: Nodal point for controllable load 
<:): Nodal point for uncontrollable load 
X 
Dx= 1.0 m2/sec 
Dy= 1.0 m2/sec 
K = 0.001 ljsec 
v = v = 0 X y 
N = 6, I = 2 
l = 2 
l = L + I T 




~: Regulated nodal point in water quality requirement 
Fig. 4~1. Input Data on FELP Method in a Simple Model Basin 
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4-3-2. Improving Solution by Simplified Simplex Method 
The transformation of Eqs. 28-32 by using Eqs. 22-26 yields the 
initial simplex tableau as shown in Table 4-l(a). Table 4-l(a) is 
rewritten in the general form as shown in Table 4-l(a)~. The transformed 
decision-constraint matrix [Ge] in these tables is as follows: 
(33-1) 
,_ 
·~ ............... . 
'·\\ 
f-Q,; •• >- 0 • •• >-O 
sl s& si 
................. 
(33-2) 
In Tables 4-l(a) or 4-l(a)~ we can find that the simplex tableau for 
the maximization of total of the decision variables has the following 
specialities. 
1). All of the cost coefficient associated with state variables and 
slack variables are equal to zero. 
2). All of the elements of the transformed decision constraint matrix 
[0~] are negative. 
3). Optimarity criteria are negative only for the decision variables. 
~ 4). All of the state variables are always the basic variables. 
5). Replacements of the basic variables by non-basic variables are 
carried out between the slack variables and the decision variables. 
(This means the pivot element is selected within [ R] matrix), 
Therefore, the simplex procedures in the present problem are 
simplified in each cycle (cycle k) as follows: 
1). The testing of the optimal criteria (simplex criteria) associated 
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with the decision variables to determine whether ~ maximum solution 
has been found, i.e., whether~.~ 0 for all i. 1.--
The optimality criteria is 
e LT · k 
s: = z~- c.= z.- 1 = L c & & 1.- & s 
.s=1 
(i == 1 "' I) . ( 34-l) 
2). The selection of the non-basicvariable to be introduced into the 
basis (the set of the basic variables) with 
1.-~ ~Max. [Absolute(~.)] (random selection for ties) 
i 1.-
(35) 
3). The selection of the slack variable to be eliminated from the basis 
with 
[ k k ] ,k Ef .q;; E..Ef = M~n. B8 /A. 8 i* .J As-bt > 0 (random selection for ties) 
4). The transformation of the tableau with the followoing pivot 
k 
operation (the pivot element is A.if-ffr) 
k A. s1J E.. i' ( s = 1 "' iP - 1 & if + 1 'v LT) 
( s ·"F Ef) 
i~l i. {jk k k (n = 1 "' N.J i 1 '\, I+ LT) = A.Ffi/A.ifi* = n-z. n-z. nff' 
A.k~1 'Ak 'Ak k k (8 = 1 '\, ff - 1 & if + 1 "'LT.J 
= - A.tfi/A.lf-fft i 1 "' I + LT) S'l.- s·,_. sf!r = 
A.k+l _ k k (s = 3\ i 1 '\, it - 1 & 1.-~ + 1 "' I.+ LT) tfi - 'Aifi/'AlP-f! = 
'k+1 '- 1 
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~,,2.78 ~2,2.76 ~3(2.78 
1----------2----------3 
20~=5.00 
Fig. 4-2(b). Solution in Cycle 1 
~5=9.11 
~, 14.30 ~ 215.07 
1-----2 
2Q~=5.00 
z = 81 + 82 = 2of + sO~ 
= 0.00 + 0.00 = 0.00 
z = 81 + 82 = 20~ + sO~ 
= 5.00 + 0.00 = 5.00 
z = 61 + 62 = 2Q~ + sO~ 
= 5.00 + 15.62 = 20.62 
Fig. 4-2(c). Solution in Cycle 2 (Optimal Solution) 
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The above simplified simplex procedures are applied to the numerical 
example as shown below. 
CycLe 0 (See Table 4-l(a), (a)~ and Fig. 4-2(a)). 
The initial basis consists of $1 , ~ 2 , ~ 3 • ~ 4 , ~ 5 , ~ 6 , ~ 1 • ~ 2 • ~ 1 and 
~2 • and the solution is (~ 1 , ~ 2, ~ 3, ~ 4 , $5, ~ 6, ~ 1 , ~ 2 , v1, ~2 ) = (2.04, 
0.59, 2.04, 0.59, 0.39, 0.59, 2.41, 2.41, 5.00, 20.00). Since all of the 
cost coefficient associated with the basis are equal to zero, the 
corresponding value of the objective function equals zero. In Fig. 4-2(a) 
the distribution pattern of the water quality arises exclusively from 
the uncontrollable loads (Q~ = Q~ = 2.00). 
In Table 4-l(a) 61 is selected to go into the basis, since 
1 = ~ <= Max. [Absolute (r, .) ] i & - r, 1 and - r, 2 
1.00 (41) 
~~is the minimum of S~/A~1 > 0, that is, 
3 = ~ <= ~ 3 = M~n. [2.41/0.02, 2.41/0.02, 5.00/1.00] = 5.00/1.00 (42) 
and hence v1 is eliminated. 
0 Therefore, the pivot element is A31 = 1.00. 
By using Eqs. 37-40 and 34, we transform the tableau and obtain a new 
tableau as shown in Table 4-l(b). 
Cycle 1 (See Table 4-l(b) and Fig. 4-2(b)). 
In Table 4-l(b) the solution is (~ 1 , ~ 2, ~ 3 , ~ 4 , ~ 5 , ¢6, ~ 1 , ~2, 61, 
v 2 ) = (2.78, 2.76, 2.78, 0.69, 1.13, 0.69, 2.31, 2.31, 5.00, 20.00) and 
the value of the objective function is 5.00. In Fig. 4-2(b) the 
distribution pattern of the water quality arises from the controllable 
a ( u u ) load (2Q1 = 5.00) and the uncontrollable loads Q1 = Q3 = 2.00 . 
In Table 4-l(b), since the optimality criterion with negative value 
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is only 1;;2 = -1.00 for 82 and 
2 = ~ = ~ 2 and ~ 1 = M~n. [2.31/0.15, 2.31/0.15, 20.00/1.00] = 2.31/0.15 (43) 
82 is introduced 
pivot element is 
into the basis and ~ 2 is eliminated. Therefore, the 
1 A22 = 0.15. We transform the tableau and obtain a new 
tableau as shown in Table 4-l(c). 
Cycle 2 (See Table 4-l(c) and Fig. 4-2(c)). 
In Table 4-l(c) the solution is (~1 , $2, ~ 3, ~4 , ~ 5, $6, ~1 , 82, 81, 
v 2 ) = (4.30, 5.0?, 4.30, 3.00, 9.11, 3.00, 0.00, 15.62, 5.00, 4.JB) and 
the value of the objective function is 20.62. Since all of the optimality 
criteria are nonnegative, this solution is the maximum feasible solution 
to be solved. In Fig. 4-2(c) the distribution pattern of the water 
c quality arises from the optimal controllable loads ( 2Q1 
15.62) and the uncontrollable loads (Q~ = Q~ = 2.00). 
Thus, the optimal solution is obtained. 
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4-4. Concludin9 Remarks 
An efficient computational algorithm for finite element & linear 
programming method (FELP Method, or,the F.E. & L.P. Method) and finite 
difference & linear programming method (FDLP Method, or, the F.D. & L.P. 
Method) was described through the application to the control of diffusion-
convection phenomena in water pollution problems. By using Gaussian 
Elimination, the initial basic feasible solution of FELP Method and FDLP 
Method was obtained without the introduction of the artificial variables. 
Therefore, the proposed algorithm considerably save computer time and 
memory. In Gaussian Elimination the use of the skillful techniques based 
on band matrix of finite element method will bring to further reduction 
of computer time and memory. 
The computational work in this chapter was performed by utilizing 
HITAC 8700/8800 at the computer center of the University of Tokyo and 
the program library for the simplex method "HI/TC/LP02" (made by Ko Ikura 
and revised by Hitachi Co. Ltd.). 
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The following symbols are used in Chapter 4: 
[A] = [anp] =state matrix (global stiffness matrix), (NxN) matrix; 
.a.= area governed by mesh point j; J -z, 
[AI] =transformed state matrix, (NxN) unit matrix; 
{B } =constant vector of transformed equilibrium equations; 
n 
{B!} =constant vector of transformed sub-constraints; 
{Bk} = constant vector in equilibrium equations in k cycle simplex 
n 
tableau; 
{b } = + {Qu} = constant vector in equilibrium equations (+: for 
n - n 
b<J> z 
FELP Method,-: for FDLP Method); 
= 4>1 m ~.-







= cost coefficient associatedwith sub-basic variables; 




ccp = state-evaluation coefficient = cost coefficient associated 
n 
[ D] = 
with 4> ; 
n 
[d . ] 
n-z.. 
= decision matrix, (Nxi) matrix; 
= [o .] =transformed decision matrix, (Nxi) matrix; 
n-z.. 
[G .. ] 
8 
= decision-constraint matrix, (LTxi) matrix; 
= = [A .] = [WJ k transformed decision-constraint 
g8 s-z.. (LTxi) matrix; 
[G<l>] = state-constraint matrix, (LTxN) matrix; 
matrix, 
[g8 ] = sub-decision-constraint matrix, (Ixi) unit matrix; 
[g<l>] = sub-state-constraint matrix, (LxN) matrix; 
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I = total number of decision variables (total number of controllable 
loads); 
i = 1 ~I= decision variable number (controllable load number); 
~ = decision variable number entering basis in next cycle; 
j = nodal (mesh) point number associated with ith decision variable; 
k = cycle number of simplex tableau; 
L = total number of regulated nodal (mesh) points in water quality 
requirements; 
LT = total number of constraints; 
l = 1 ~ L = water quality requirement number; 
m = nodal (mesh) point number associated with lth water quality 
requirement; 
N = total number of state variables (total ntimber of nodal (mesh) 
points); 
n~ p = 1 ~ N =state variable number (nodal (mesh) point number); 
.Q~ = .e.= e.= ith controllable load issued from nodal (mesh) J'/, J?, 1, 
point j (ith decision variable); 
-::::.0 
.Q. =upper limit of ith controllable load; J 1, 
Qu = uncontrollable load at nodal (mesh) point n; 
n 
# = constraint number whose basic v.ariable is replaced in next cycle; 
8 = 1 ~ L = constraint number; T 
[W] - - [g$] x [D .. ], (Lxi) matrix; 
z = objective function; 
L k k z. 
= :; c >. .; 
'1-
.. 8= 8 81, 
u~k} = constant vector of constraints 
8 
k pivot element in k cycle; >.#-ffr = 
in k cycle simplex tableau; 
~-=optimality criteria (simplex criteria); 
'1-
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]Jl, \) . = slack variables; t. 
E. if =Max. [ sk;/ ] 'Ak > 0; s s siJt ' siJt 
{ 6.} = vector of decision variable~; t. 
m~l = lth water quality requirement; 
{~Pn} = vector of state variables; 
$ 6 artificial variables; Xn· xz, X· = t. 
R = (LTx(I+LT)) 
R~ 
= (Lx(I+L ) 
T 
R~ 
= (Ix(I+L ) 
T 
t. = 1 "' I + LT 
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Notes. Transformation of Equilibrium Equations by Gaussian Elimination 
(1}. Gaussian Elimination- Forward Reduction 
The equilibrium equations (Eq. 7) are rewritten in the following fonn: 
a114>1 + a124>2 + a1.34>3 + a1N4>N + d11 61 + d1262 + d1I6I == bl (Al-l) 
a214>1 + a224>2 + a2.34>3 + a2N4>N + d21 81 + d2262 + d2I6I == b2 (Al-2) 
aJl$1 + a32$2 + a3.3$3 .•. + a3N4>N + d31 61 + d.32 62 
·•· +d3I6I == b 3 (Al-3) 
The first step in the solution of the above set of equations is to 
solve Eq. Al-l for 4> 1 : 
If Eq. A-2 is substituted into Eqs. (Al-2, 3, 
• • e J 
of (N-1) 
where 
equations is obtained. 
1 1 
a22$2 + a23$3 1 1 + a2N$N + d21 81 1 + d2262 
1 1 
a32$2 + a334>3 1 1 + a3N4>N + d31 61 1 + d32 62 
1 
a ==a -a 1 a1p!a11 n, p == 2, ... , N np np n 
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(A2) 
N), a modified set 
1 bl (A3-2) + d2I6I == 2 
1 bl (A3-3) + dJI6I == 3 
(A4) 
n = 2, ... , N; 1.- 1, 2, ... I 
n = 2, ••• N 
A similar procedure is used to eliminate ~ 2 from Eq. (A3-3), etc. 
A general algorithm for the elimination of ~k may be written as 
k k-1 k-1 
anp = anp - ank Hkp n, p = k+1, ... , N 
where 
k-1 
ank Dki n = k+1, ... , N; 1.- = 1, 2, ... ,I 
n = k+1, ... N 
_k-1 k-1 








After the above procedure is applied (N-1) times the original set of 
equations is reduced to the following single equation. 
which is 
rpN 
N-1 I ~-1 
aNN ~N + E aNi 8i 
i=1 
solved directly for rpN. 
bN-1/ N-1 I j!.-1 N-1 
= N aNN E Ni /aNN i=1 
I 
8. = E - E 
1.- N i=1 






The remaining unknowns are determined in reverse order by the repeat~d 
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substitution of Eq. A 7. Therefore, a general algorithm for the solution 
of ~k may be written as follows; 
where 
N I 
~k = Ek - E Hkp ~ - E Dki 6 • 
p=k+1 p i=1 ~ 
I 
= Bk- E 6ki ei k = N-1~ N-2~ ···~ 1 
i=1 
N 
Bk = Ek - E H B 
p=k+1 kp p 
N 
6k~ = Dk. - E Hk 6 • 
v t. p=k+1 p pt. 
Thus, we obtain the transformed equilibrium equations (Eq. 17) as 
[AI ]{q> } = {B}- [ o~]{e.} 
n n t. 
where 
1 0 0 0 
0 1 0 0 
[ AI ] = 0 o 1 0 , 
(NxN) 
0 0 0 ... 1 
(3). Numerical Example 
6n 612 
621 622 
[ o~J = 6J1 6J2 
(Nxi) 






numerical exam~le yields the following Tables. (See Tables 4-A(a)-4-A(l)). 
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Table 4-A(a). Gaussian Elimination (Forward Reduction- k = O) 
n ~1 ~2 ~3 cp4 ~5 ~6 81 82 b n 
1 1.21 -0.40 0.00 -0.40 0.00 0.00 0.00 0.00 2.00 
2 -0.40 2.83 -0.40 0.21 -0.80 0.21 -1.00 0.00 0.00 
3 0.00 -0.40 1. 21 0.00 0.00 -0.40 0.00 0.00 2.00 
4 -0.40 0.21 0.00 1.42 -0.40 0.00 0.00 0.00 0.00 
5 a. oo -0.80 0.00 -0.40 2.42 -0.40 0.00 -1.00 0.00 
6 Q. 00 0.21 -0.40 0.00 -0.40 1.42 0.00 0.00 0.00 
Table 4-A(b). Gaussian Elimination (Forward Reduction- k = 1) 
n cp1 <1>2 ~3 cp4 <l>s cp6 81 82 b n 
1 1.00 -0.33 o.oo -0.33 o.oo 0.00 0.00 o.oo 1.66 
2 0.00 2.?0 -0.40 0.08 -0.80 0.21 -1.00 0.00 0.66 
3 0.00 -0.40 1.21 0.00 0.00 -0.40 0.00 0.00 2.00 
4 0.00 0.08 0.00 1.30 -0.40 0.00 0.00 0.00 0.66 
5 0.00 
-0.80 o.oo -0.40 2.42 -0.40 0.00 -1.00 0.00 
6 0.00 0.21 -0.40 o.oo -0.40 1.42 0.00 0.00 o.oo 
Table 4-A(c). Gaussian Elimination (Forward Reduction- k = 2) 
n ~1 <1>2 ~3 <1>4 cp5 cp6 81 82 b n 
1 1.00 -0.33 0.00 -0.33 0.00 0.00 0.00 0.00 1.66 
2 0.00 1.00 -0.15 0.03 -0.29 0.08 -0.3? 0.00 0.24 
3 0.00 0.00 1.15 0.01 -0.12 -0.3? -0.15 o.oo 2.10 
4 0.00 i o. 00 0.01 1. 29 -0.3? -0.01 0.03 0.00 0.64 
s o.oo 0.00 -0.12 -0.3? 2.19 -0.34 -0.29 -1.00 0.19 
6 0.00 0.00 -0.3? -0.01 -0.34 1.40 0.08 0.00 -0.05 
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Table 4-A(d). Gaussian Elimination (Forward Reduction- k = 3) 
n <1>1 <1>2 <1>3 <1>4 <1>5 <1>6 e1 e2 b n 
1 1.00 -0.33 o.oo -0.33 0.00 0.00 0.00 0.00 1.66 
2 0.00 1.00 -0.15 0.03 -0.29 0.08 -0.3? o.oo 0.24 
3 o.oo 0.00 1.00 0.01 -0.10 -0.32 -0.13 o.oo 1.82 
4 0.00 o.oo 0.00 1.29 -0.3? -0.00 0.03 0.00 0.62 
5 0.00 0.00 0.00 -0.3? 2.1? -0.3? -0.31 -1.00 0.40 
6 0.00 o.oo 0.00 -0.00 -0.3? 1.29 0.03 0.00 0.62 
Table 4-A(e). Gaussian Elimination (Forward Reduction- k = 4) 
I 
<1>1 b n <1>2 <1>3 <1>4 <1>5 <1>6 e1 e2 n 
1 1.00 -0.33 0.00 -0.33 0.00 0.00 0.00 0.00 1.66 
2 0.00 1.00 -0.15 0.03 -0.29 0.08 -0.3? 0.00 0.24 
3 0.00 0.00 1.00 0.01 -0.10 -0.32 -0.13 0.00 1.82 
4 0.00 0.00 o.oo 1.00 -0.29 -0.00 0.02 0.00 0.48 
5 0.00 o.oo o.oo 0.00 2.0? -0.3? -0.30 -1.00 0.58 
I 6 o.oo 0.00 o.oo 0.00 -0.37 1.29 0.03 0.00 0.62 
Table 4-A(f). Gaussian Elimination (Forward Reduction- k = 5) 
n <1>1 <1>2 <1>3 <1>4 <1>5 <1>6 e1 e2 l(n 
1 1.00 -0.33 o.oo -0.33 0.00 0.00 0.00 o.oo 1.66 
2 o.oo 1.00 -0.15 0.03 -0.29 0.08 -0.3? 0.00 0.24 
3 0.00 0.00 1.00 0.01 -0.10 -0.32 -0.13 o.oo 1.82 
4 o.oo 'o. 00 0.00 1.00 -0.29 -0.00 0.02 0.00 0.48 
') 0.00 0.00 o.oo 0.00 1.00 -0.18 -0.14 -0.48 0.28 
6 0.00 0.00 o.oo 0.00 0.00 1.22 -0.02 -0.18 0.?2 
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Table 4-A(q). Gaussian Elimtnation (Forward Reduction- k = 6) (B~ckward SubstttuttoD - k = 6} 
n <P1 <P2 <P3 <P4 cp5 <P6 e1 e2 B n 
1 1.00 -0.33 0.00 -0.33 0.00 0.00 0.00 0.00 1.66 
2 0.00 1.00 -0.15 0.03 -0.29 0.08 -0.37 0.00 0.24 
3 0.00 0.00 1.00 0.01 -0.10 -0.32 -0.13 0.00 1.82 
4 0.00 0.00 o.oo 1.00 -0.29 -0.00 0.02 0.00 0.48 
5 0.00 0.00 0.00 0.00 1.00 -0.18 -0.14 -0.48 0.28 
6 0.00 0.00 o.oo 0.00 0.00 1.00 -0.02 -0.15 0.59 
Table 4-A(h). Gaussian Elimination (Backward Substitution- k = 5) 
n cp1 <P2 <P3 cp4 <P5 cp6 01 e2 B n 
1 1.00 -0.33 0.00 -0.33 0.00 0.00 0.00 0.00 1.66 
2 0.00 1.00 -0.15 0.03 -0.29 0.08 -0.37 0.00 0.24 
3 o.oo o.oo 1.00 0.01 -0.10 -0.32 -0.13 0.00 1.82 
4 0.00 0.00 0.00 1.00 -0.29 -0.00 0.02 0.00 0.48 
5 0.00 o.oo 0.00 0.00 1.00 0.00 -0.15 -0.51 0.39 
6 0.00 0.00 0.00 o.oo o.oo 1.00 -0.02 -0.15 0.59 
Tab]e 4-A(i). Gaussi(ln Elimination (Backward Substitution- k = 4) 
n cp1 <P2 <P3 <P4 cp5 <P6 e1 62 B n 
1 1.00 -0.33 0.00 -0.33 0.00 0.00 o.oo o.oo 1.66 
2 o.oo 1.00 -0.15 0.03 -0.29 0.08 -0.37 o.oo 0.24 
3 o.oo 0.00 1.00 0.01 -0.10 -0.32 -0.13 o.oo 1.82 
4 o.oo o.oo 0.00 1.00 0.00 0.00 -0.02 -0.15 0.59 
b 0.00 0.00 0.00 0.00 1.00 0.00 -0.15 -0.51 0.39 
6 0.00 0.00 0.00 0.00 0.00 1.00 -0.02 -0.15 0.59 
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Table 4-A(j). Gausst~n Elimination (Backward Substitution- k = 3) 
n 4>1 4>2 4>3 <P4 ¢5 4>6 61 62 B n 
1 1.00 -0.33 0.00 -0.33 0.00 0.00 0.00 o.oo 1.66 
2 o.oo 1.00 -0.15 0.03 -0.29 0.08 -0.37 o.oo 0.24 
3 o.oo o.oo 1.00 0.00 0.00 0.00 -0.15 -0.10 2.04 
4 o.oo 0.00 o.oo 1.00 0.00 o.oo -0.02 -0.15 0.59 
5 0.00 o.oo o.oo o.oo 1.00 o.oo -0.15 -0.51 0.39 
6 0.00 0.00 o.oo o.oo 0.00 1.00 -0.02 -0.15 0.59 
Table 4-A(k). Gaussian Elimination (Backward Substitution- k = 2) 
n <P1 4>2 <PJ <P4 <P5 4>6 61 e2 B n 
1 i.oo -0 • .33 0.00 -0.33 0.00 0.00 0.00 o.oo 1.66 
2 0.00 1.00 0.00 0.00 0.00 0.00 -0.43 -0.15 0.59 
J o.oo 0.00 1.00 0.00 0.00 0.00 -0.15 -0.10 2.04 
4 0.00 o.oo 0.00 1.00 o.oo 0.00 -0.02 -0.15 0.59 
5 0.00 0.00 0.00 0.00 1.00 o.oo -0.15 -051 0,39 
6 0.00 0.00 0 •. 00 0.00 0.00 1.00 -0.02 -0.15 0.59 
Table 4-A(Z). Gaussian Elimination (Backward Substitution- k = l) 
n cf>1 <P2 <P3 <P4 <P5 <P6 61 62 B n 
1 1.00 0.00 0.00 0.00 0.00 0.00 -0.15 -0.10 2.04 
2 0.00 1.00 o.oo o.oo 0.00 0.00 -0.4.3 -0.15 0.59 
J 0.00 o.oo 1.00 0.00 0.00 0.00 -0.15 -0.10 2.04 
4 0.00 ! o.oo o.oo 1.00 o.oo o.oo -0.02 -0.15 0.59 
1 0.00 0.00 0.00 0.00 1.00 0.00 -0.15 -0.51 0.39 
6 0.00 0.00 0.00 0.00 0.00 1.00 -0.02 -0.15 0.59 
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Chapter 5 
TRANSIENT FINITE ELEMENT & LINEAR PROGRA~1MING NETHOD 
IN WATER POLLUTION CONTROL 
Summary 
A transient finite element & linear programming method (T. FELP Method) 
is developed in order to control systems of unsteady state differntial 
equations with both equality or inequality constraints and an objective 
function. Such systems are frequently encountered in various engineering 
and scientific problems of control and optimal design. The applicability 
of T. FELP Method is shown through the control of diffusion-convection 
phenomena in water pollution problems. The tractability in the initial 
and boundary conditions and in the equality or inequality constraints 
makes sure that.T. FELP Method becomes one of the useful techniques for 
several new types of boundary value problems. T. FELP Method may become 
an useful technique for analysis, planning and assessment in environmental 
and water resources problems. 
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5-l. General Concepts 
By combining finite element method with linear programming, a transient 
finite element & linear programming .method (T. FELP Method) is developed 
in order to solve systems of unsteady state differential equations with 
both equality or inequality constraints and an objective function. Such 
systems are frequently encountered in various engineering and scientific 
problems of control and optimal design and, especially, are of interest 
in environmental and water resources problems. Research on finite element 
& linear programming method (FELP Method) in control problems of steady 
state field phenomena has been presented (7). (See Chapter 3). 
The finite element method, originated in structural mechanics, is 
powerful numerical method for the solution of differential equations 
because of its generality with respect to geometry and material properties 
(3, 4, 14, 18, 19). Moreover, linear programming is one of the most 
frequently used mathematical methods of operations research (5, 9). 
In the development of T. FELP Method the concepts of the decision 
variable and the state variable are adopted as in Bellman's dynamic 
programming (2 9 8) and Pontryagin's maximum principle (6, 13). T. FELP 
Method utilizes the advantagesofthe established numerical techniques of 
both finite element method and linear programming. The various problems 
formulated by T. FELP Method could be solved by the combined use of 
existing computer codes for finite element method and linear programming. 
The applicability of T. FELP Method is shown through the control of 
diffusion-convection phenomena in water pollution problems. In the 
application of'T. FELP Method, researches on water pollution problems 
as~ociated with diffusion phenomena have provided the stimulas and many 
useful ideas (10, 11, 12, 15, 16, 17). 
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5-2. Transient Finite Element & Linear Programming Method 
5-2-1. Systems of Basic Differential Equations 
Transient finite element & linear programming method (T. FELP Method) 
is developed in order to control the following systems of differential 
equations (See Fig. 5-l). 
Objective Function (throughout the whole domain (rl = nsxnt}) 






Max. f ( {{ ~ } } , { { e } } J 
{{e}} 
Min. f ( { { ~ } } , {{ e } } J 
{{6}} 
Governing Equation (in the whole domain (rl = nsxnt)) 
(l) 
(2) 
Boundary Conditions (on the boundaries S, in the whole time domain rlt) 
(3) 
Initial Condition (in the whole space domain n , at the time t = OJ 
8 
(4) 
Constraints (in the'aubdomains rrfl 
( 5) 
in which ~ = ~(~k, t) = the state variable; e = er~k, t) = the decision 
"J 
variable; { {~}} = vector of the state variables in the whole domain n; 
{{8}} =vector of the decision variables in the whole domain n; xk = 
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Sxnt: 




z = Opt. f({{~}},{{e}J) 
·{{a}} 
D.E. (x,y,t,~,e) = 0 
Fig. 5-l. General Concepts of Transient Finite Element & 
Programming Method 
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Cartesian coordinate (x, y or z); t =time; and Xk =Cartesian coordinate 
of the boundary (X, Y or Z). 
In systems governed by three dimensional quasi-linear parabolic 
equation, for example, Eq. 2 is expressed as follows: 
+ b 
<P-terma 8-term canst 
The examples of the boundary conditions are as follows: 
<P (X, Y, Z, t) = ellb (X, Y, Z, t), ~~(X, Y, Z, t) = 0 
The example of the initial condition is as follows: 
<P(x,y,z,t=O) 
As for the examples of the constraints, the following simple 
inequality are frequently encountered. 
{ 88 ~ __ e.§_ ~ 8 ~ e, or 
~e 
\ 
in which ell = the lower limit of the state variable; ell = the upper limit 
( 2) .. 
(3)" 
(4) .. 
( 5) .. 
of the state variable; e = the lower limit of the decision variable; and 
e = the upper limit of the decision variable. 
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5-2-2. Formulation of T. FELP Method 
Finite element method is used in order to discretize the above-
mentioned systems as systems of linear algebraic equations. (As for the 
details, see the next section). Then, the following matrix-vector forms 




= Opt. l: 
N I 
( L <Pat <P + L 
n==1 n n i=1 
6 t ( a . . 6.) 6) 
subjeat to: 
t { { .6 . } } t==1 
J 1.-








(T = 1) 




<P~ ~ 0 {; = 1 "-' T, n = 1 rv N), 
\ 
.6: ~ 0 (T = 1 "-' T, i = 1 rv I) (10) J 1.-
in which [A]= the state matrix (the global stiffness matrix), (NxN) 
matrix; [C] = the capacity matrix, (NxN) matrix; [G<P] = the state-
constraint matrix, (LTx(TxN)) matrix; [G6 ] =the decision-constraint 
macrix, (LTx(Txi)) matrix; {{<P:}} =vector of the state variables in the 
whole domain r1; {{ .6:}} = vector of the decision variables in the whole · 
J 1.-
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domain~; {~'} =vector of the state variables at the time step T 
n 
{ .8:} 
J " 0 
= vector of the decision variables at the time step<; {~ } =vector of 
n 
T the initial states; {b } =vector of the constants at the time step<; 
n 
{{b~}} = vector of the constants in the constraints; 
evaluation coefficient = cost coefficient associated 
~c' = state-
n 
with <PT; 8c: = 
n '-
decision-evaluation coefficient =cost coefficient associated with .e:; 
J " 
T = 1 ~ T = time step number; T = total number of the time steps; ~t = 
increment in time; n = 1 ~ N = state variable number at each time step 
(nodal point number in finite elements); N =number of the state variables 
at each time step (total number of nodal points in finite elements); i = 
1 ~ I = decision variable number at each time step; I = number of the 
decision variables at each time step; j = nodal point number associated 
with ith decision variable; Z = 1 ~ LT = constraint number; and LT = total 
number of the constraints. 
T. FELP Method is one that optimizes the objective function under the 
conditions of the equilibrium equations and the constraints. Since all of 
the variables in linear programming have to be nonnegative because of the 
limitation in the computational algorithm based on the simplex method, the 
nonnegative conditions (Eq. 10) are required. In T. FELP Method the number 
of the variables is (Tx(N+I)), the number of the equilibrium equations is 
(TxN), and the number of the constraints is LT, respectively. In the sense 
of general linear programming, the equilibrium equations of T. FELP Method 
are also the constraints. Thus, T. FELP Method is a kind of linear 
' programming in which the number of the variables is (Tx(N+I)) and the 
number of the constraints is ((TxN)+LT)), respectively. InT. FELP Method 
the solution for the state variables and the solution for the decision 
va1iables are obtained simultaneously by the simplex method. 
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~-3. Water Pollution Control by T. FELP Method 
5-3-1. Systems of Basic Equations in Diffusion-Convection Phenomena 
The basic equation systems of the unsteady state two-dimensional 
diffusion-convection phenomena in water pollution problems are as follows: 
Objeative Funation (throughout the whole domain (Q = QsxQt)) 




~ Max. L e 
{{8}} 
Governing Equation (in the whole domain (Q = QsxQt)) 




+ 8 + Q 
<P-terms 8-term aonst 
Boundary Conditions {on the boundaries 8, in the whole 
<P(X,Y,t) = ~b(X,Y,t) on s1 
2 






Initial Condition (in the whole water basin Q , at the time t = 0) 
s 
0 
<P(x,y,t=O) = ~ (x,y) 
\ 
I 
Constraints (in the subdomains (Qg = ~x~)) 
8 t 






in which~= the state variable= water quality in the water basin (e.g., 
temperature in thermal pollution problem or concentration of pollutant); 
6 =the decision variable= controllable load (e.g., heated discharge from 
multi-port diffuser or pollutant issued from waste outfalls); Q =constant 
= uncontrollable load (inevitably or naturally generated source or sink, 
existing unexcludable discharge); D k =diffusion coefficient (D or D ); 
X X y 
vk =convective velocity (v or v ); K =decay factor (e.g., heat transfer 
X y 
coefficient at the water surface or decay rate of pollutant); sl and s2 = 
the parts of the boundary S; ~b = prescribed boundary value; lxk = the 
direction cosine of the outward normal to the boundary (l or l ); q = 
X y 
intensity of flux per unit length of the surrounding boundary; K = decay 
factor of the surrounding boundary; ~ = temperature or concentration of 
a 
the surrounding boundary; ~ = water quality requirement; and 8 = the upper 
limit of the controllable load. 
If D and D are equal and both q and K are equal to zero, a well-known 
X y 
condition applicable to non-conductive boundaries is obtained, that is, 
a~;an = o. 
Although, the objective function may be composed of the water quality 
distribution {{~}} and the controllable loads {{8}} in general, the 
maximization of the total of the controllable loads in the whole domain n 
is sought in the numerical example for simplicity. From the view point of 
the assimilation capacity of the water basin, such an objective function 
gives us the upper limit of the total acceptable load in the water basin. 
As for the constraints, although only the upper limits of the state 
variable and the decision variables are imposed, we can impose other 
constraints, if necessary. Therefore, the problem to be solved is one that 
seeks not only the optimal controllable loads to meet water quality 
requiremenmbut also the distribution patterns of the water quality. 
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n=N 
y Lx (0: Q: Nodal 






























5-3-2. Formulation of T. FELP Method in Diffusion-Convection Phenomena 
In order to discretize the systems of differential equations (Eqs. 11-
17), Galerkin finite element method is used because of its independency of 
variational principle. As for the details of Galerkin finite element 
method, one may follow Zienkiewicz and use the shape functions as the 
weighting functions (19). The water basin to be analyzed is divided into 
small regions called finite elements. (See Figs. 5-2 and 5-3). Let the 
state variable be approximated, throughout the whole space domain n 
8 
throughout the whole water basin) at the time step T, by the following 
relationship: 




N ] = the usual shape functions defined 
n 
(18) 
piecewise, element by element; and {$T} =the nodal parameters at the time 
n 
step T. 
Using the weighted residual process, the Galerkin representation for 
the diffusion-convection equation (Eq. 12) is as follows: 
2 
fA Nn [ t (-a- D ~ - vk ~% ) - K $ + 8 + Q - ~ ~] dtJ. = o 
u k=l axk xk axk k 
(19) 
in which /J. = area of each element. 
Using integration by parts on the first and second terms in the above 
equation and inserting the boundary condition (Eq. 14), we obtain the 
following e~uation. 
2 
.' fj, [ I: 
k=l 
2 
t N ~ + K N ¢ - 8 N - Q N + N li] dtJ. Vk n oXk n n n n ot k=l 
- f 2 N [q + K ($- ~ J] ds 2 = 0 8 n a (20) 
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in which s 2 ~ segment of the part of the boundary s2 refering only to 
elements with external boundaries on which the boundary condition (Eq. 14) 
is specified. 
Substituting Eq. 18 into the above equation, the summation being taken 
all over the elements yields the N-linear algebraic equations at each 
time step 
[A]{<j>~} + [C]{*j~} - {6T} = {QT} (T = 1 rv T) n n 
with the following matrix and vector elements 
2 'dN 'dN 2 'dN 
a E !!::. [ E Dxk 
n 
_ _E.+ E vk N ~ + K N N ] dn = np k=l 'dxk 'dxk k=l n xk n p s 
+ E 1 2 K N N as2 
s n p 
c = E JA N N dn 
np w n p 8 
eT = E JA eN dn 
n o n 8 
QT = E fA Q N dn - E J 2 (q- K ~ J N dS2 n o n 8 s a n 
in which [A] = [a ] = the state matrix = the global stiffness matrix 
np 







matrix, (NxN) matrix; <j>T =nth state variable at the time step T (water 
n 
quality at the nodal point nand at the time step T; ~~T =rate of at n 
change of nth state variable at the time step T; eT =nth decision 
. n 
variable at the time step 1 (controllable load at the nodal point n and 
at the time st~p-T); Q' =constant= Yncontrollable load at the nodal 
n 
po ·.nt n and at the t4me step T; and n, p = 1 rv N = subscripts. 
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In order to reduce the number of the decision variables, eT should be 
n 
dropped at the nodal points where the outfall for the controllable load 
does not exist. Therefore, the following expression for the controllable 
loads is used instead of {6T} and the number of the decision variables at 
n 
each time step is reduced from N to I. 
- [D]{ .e~} =- [d .]{ .e:} 
J ~ n~ J ~ (26) 
in which [D] = [d .] = the decision matrix, (Nxi) matrix composed of zero 
n~ 
elements with the exceptions of '-1' in I elements whose row number is j. 
T 
and whose column number is i, (see Eq. 47); .6. = ith decision variable 
J ~ 
(ith controllable load) at the time step T; ~ = 1 ~I= decision variable 
number at each time step (controllable load number at each time step); I 
= number of the decision variables at each time step (number of the 
controllable loads, i.e., total number of the nodal points fitted for the 
locations of the outfalls of the controllable loads); and j =nodal point 
number fitted for the location of ith controllable load. 
Using the above expression for the controllable loads, Eq. 21 is 
rewritten as follows: 
1 ~ T) (27) 
Although several time stepping schemes in finite element method have 
been presented, the following backward differencing (18) is used in this 
research. 
(28) 
Substitution of the above equation into Eq. 27 yields the following 
• N-equilibrium equations at each time step. 
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= (r = 1 "'T) (29) 
At the nodal points on the boundary S 1 with the prescribed boundary 
value of ~(X,Y,t) = ~b(X,Y,t) (Eq. 13), the equilibrium equation is 
corrected as follows: 
1 X -~ T = ~ T. 
n b (30) 
Substituting the initial condition (Eq. 15) into Eq. 29, we obtain the 
following N-equilibrium equations at the time step T = 1. 
(T = 1) ( 31) 
in which ~O = the initial state at the nodal point n (the initial water 
n 
quality at the nodal point n). 
Thus, the discretized equilibrium equations are obtained. 
The constraints associated with the water quality requirement (Eq. 16) 
are discretized at each time step as follows: 
T -T ~ < ~ (T = 1 "'T, l = 1 "'L) (32) m=ml 
in which m~ = Zth water quality requirement at the time step T, i.e., 
the upper limit of the mth state variable at the time step T; l = 1 "'L = 
water quality requirement number at each time step; L = number of 
regulated nodal points in water quality requirements at each time step; 
m = regulated nodal point number in Zth water quality requirement; and 
[g~] = [g~ ] = the sub-state-constraint matrix, (LxN) matrix composed of ln 
zero elements with the exceptions of '1' in L elements whose row number 
island whose column number ism, (see Eq. 48). 
The discretized cc·nstraints associated with the upper limits of the '· 
I' 
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controllable loads are as follows: 
e T -T [g ]{.e.} < {.e.} (, = 1 1\, TJ~ or> 
J?- = J?-
T -::-'! 
.e.< .e. (, = 1 1\, T~ i = 1 1\, IJ(33) 
J1-=J1-
~ e e in which .e.= the upper limit of ith controllable load; and [g ] = [g .. ] 
J 1- 1-1-
=the sub-decision-constraint matrix, (Ixi) unit matrix, (see Eq. 49). 
Then, the following formulation of T. FELP Method in control of the 
diffusion-convection phenomena in water pollution problems is obtained. 
Objective Function 
z - Opt. f ({{4>'H~ {{ .e:}}J { { .e:}} n J '~- = 
T N I 
Opt. E ( E lj>cT 4>T + [ 
{ { .e:}} •=1 n=1 n n i:;:::1 
J 1-
e T T 
c. .e . J 
'l- J 'l-
J 1-
T llt .e. 
J 'l-
subject to: 
Equilibl"ium Equations ((TxN)-Eqs.) 
(34) 
(T = 1) (35) 
[ 1 c] { T -1 } [A 1 c] { T} [ 0] { T } { QL} 
- llt rpn + + llt 4>n + li :;::: n (T = 2 1\, T)(36) 
Constr>aints ((LT = Tx:(L+I))-Eqs.) 
e T -T [ g ] { .e . } < { .e.} r, = 1 1\, T J 
J'l- = J'l-
Nonnegative Conditions 





In the maximization problem of' total of the controllable loads, all 
of the state-evaluation coefficients, cost coefficienmassociated with 
the state variables, {{~cT}} are equal to zero and all of the decision-
n 
evaluation coefficients, cost coefficients associated with the decision 
• bl {{ 6nT.}} 1 t var~a es, v are equa to ~ . 
t-
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5-4. Numerical Example in a Simple Model Basin 
In order to clarify the features of T. FELP Method a numerical example 
of the method is conducted in a rectangular model basin with non-conductive 
boundaries as shown in Fig. 5-3. 
The units of the water quality and the loads are not described, because 
the method is applicable to general physical problems irrespective of the 
variables considered. 
The obtained matrix-vector forms ofT. FELP Method are as follows: 
Objeative Funation 
3 
z = Opt. ~ 
T { { .6 . } } T=1 J 't 
subjeat to: 
8 T T 
a. .e.) 
't J 't 
Equilibrium Equations ((3x6)-Eqs.) 
Constraints ((12 = Jx(2+2))-Eqs.) 
r ~ cp4 ~4~1 [gcp){cp~} -1 < {m~l }, Or 
1 -1 
cp6 ~ 6~2 
{ 2 ~ cp4 ~4~1[gcp]{cp~} -2 < {m~l }, or 
2 -2 




(= 5. 0) 
(= 5.0) 
T D.t .e. 
J 't 
(T = 2) 











1 -1 (= 3.5) 
{2 61 ::;,2°1 [g8]{ .8~} -1 < { .0.}, or (43-1) J '1- J '1- 1 -1 
582 ~ 5°2 (= 3. 5) 
2 -2 (= 3. 5) r61 ::;, 201 8 2 -2 [ g ]{ .8 . } < { .0 . } , or (43-2) J 1, J 1, 2 -2 
562 ~ 5°2 (= 3.5) 
3 -3 (= 3.5) { 261 ::;, 2°1 8 3 -3 [ g ]{ .e . } < { .0 . } , or (43-3) J '1- J '1- 3 -::-3 
582 ~ 5°2 (= 3.5) 
Nonnegative Conditions 
~~ ~ 0 (T = 1 ~ 3, n = 1 ~ 6), .e: > o (• = 1 ~ 3, i = 1 ~ 2)(44) 
J " = 
1.04 -0.48 0.00 -0.48 0.00 0.00 
-0.48 2.16 -0.48 0.04 -0,96 0.04 
[A] 
= (6x6) (45) 
0.00 -0.48 1.04 0.00 0.00 -0.48 
-0.48 0.04 0.00 1.08 -0.48 0.00 
0.00 -0.96 0.00 -0.48 2.08 -0.48 
0.00 0.04 -0.48 0.00 -0.48 1.08 
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0.06 0.03 0.00 0.03 0.00 0.00 
0.03 0.23 0.03 0.06 0.06 0.06 
1 0.00 0.03 0.06 0.00 0.00 0.03 [M" C] 
= (46) (6x6) 0.03 0.06 0.00 0.12 0.03 0.00 
0.00 0.06 0.00 0.03 0.12 0.03 
0.00 0.06 0.03 0.00 0.03 0.12 
0 0 
-1 0 
[ D] 0 0 
= (47) (6x2) 0 0 
0 -1 
0 0 
[gcj>] [: 0 0 1 0 0 J = (48) (2x6) 0 0 0 0 1 
[ge] 




































in which ~t = 3600 sec. 
The computed results for the controllable loads (the decision 
variables) and the water qualities (the state variables) at each time 
step are shown in Figs. 5-4(a), 5-4(b) and 5-4(c). 
It should be noted that the distribution patterns of the water 
qualities in Figs. 5-4(a), 5-4(b) and 5-4(c) arise from the resultant 
loads composed of the given uncontrollable loads {{Q'}} and the obtained 
n 
controllable loads {{ .e:}}. J '!, 
The objective function is as follows: 
z = 
= J6oo x (3.5 + o . .-, + ·.~.1 + n.o + .-;.:, + o.oJ :::; 3i,.oo (52) 
By extending the efficient computational algorithm of FELP Method 
mentioned in Chapter 4, we can obtain an efficient computational 
algorithm of T. FELP Method. All of the computations in this chapter 
were performed by using slide rule. 
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. 50 m 
y 
D = D = 1 . 0 m2 Is ec X y 
v = v = 0 
. X y 











a,/an = 0 (on the four boundaries) 
T = 3 
N = 6 
l = 2 
L = 2 
~: Nodal point fitted for outfall of controllable load 
<=): Nodal point fitted for outfall of uncontrollable load 
~: Regulated nodal point in water quality requirement 
Fig. 5-3. Input Data on T. FELP Method in a Simple Model Basin 
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5,(1 _____ 4!6 _____ 5.0 






Fig. 5-4(b). Water Quality Distribution and Controllable Loads (T = 2) 
I 
5.o ______ s. z _____ s.o 
31 5e2::o.o 
3_3 ~ 281j .;; 
7·.2----- t-6------:7.2· 
Fig. 5-4(c). Water Quality Distribution and Controllable Loads (T = 3) 
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5-5. Concluding Remarks 
A transient finite element & linear programming method (T. FELP Method) 
was described through the application to the control of unsteady state 
diffusion-convection phenomena in water pollution problems. The 
tractability not only in the initial and boundary conditions but also in 
the equality or inequality constraints makes sure that T. FELP Method 
becomes one of the useful techniques for several new types of boundary 
value problems. 
Most practical applications of linear programming make use of the 
degital computer and existing computer codes based on two phases of the 
simplex method. However, in order to save computer time and memory, 
several efficient computational algorithms of T. FELP Method could be 
developed by taking note of the fact that the method has special 
structures. 
The applicability of T. FELP Method is shown through a numerical 
example of water pollution problem governed by diffusion equation. The 
method makes it possible to obtain not only the optimal discharges from 
the various types of outfall to meet water quality requirements, but also 
the distribution patterns of several water qualities in the water basin 
simultaneously. A new criterion for selecting the locations of outfalls 
and the optimal volumes of discharged waste water may be given by T. FELP 
Method. The method may become an useful technique for analysis, planning 
and assessment in environmental and water resources problems. 
In a manner similar to T. FELP Method, transient finite difference & 
linear programming Method (T. FDLP Method) could be developed by the 
ccmbined use of finite difference method with linear programming. Aguado 
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and Remson made a pioneering research associated with T. FDLP Method in 
the field of ground water management (1). 
The related methods such as transient finite element & non-linear 
programming method and transient finite element & integer programming 
method could be developed. The developments certainly make it possible 
to solve more complicated and practical problems. 
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Notations 







[a ] = state matrix = global stiffness matrix, (NxN) matrix; 
np 
constant in governing equation; 
vector of constants in equilibrium equations at Tth time step; 
vector of constants in constraints; 
[a ] = capacity matrix, (NxN) matrix; 
np 
a1, a2 = coefficients in governing equation; 
a T 
a. =decision-evaluation coefficient = cost coefficient associated 
~ 
with .6~; J ~ 




[0] = [d .] = decision matrix, (Nxi) matrix; 
n~ 
D~k =diffusion coefficient (D or D ) L2T-1. 
w X y ' ' 
D.E. =differential equation (governing equation); 
e = initial condition; 
f = objective function; 
[G6 ] =decision-constraint matrix, (LTx(Txi)) matrix; 
[G~] =state-constraint matrix, (LTx(TxN)) matrix; 
g = constraint; 
[g~] = [g!n] = sub-state-constraint matrix, (LxN) matrix; 
[g6 ] = [g~.] =sub-decision-constraint matrix, (Ixi) unit matrix; 
~~ 
h = boundary condition; 
I = number of decision variables at each time step (number of 
controllable loads, i.e., number of nodal points fitted for 
locations of outfalls of controllable loads); 
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i = 1 ~ I = decision variable number at each time step 
(controllable load number at each time step); 
j = nodal point number associated with ith decision variable ( 
nodal point number fitted for location of ith controllable 
load); 
K = decay factor (heat transfer coefficient at water surface or 
decay rate of pollutant), T-1; 
k = index associated with Cartesian coordinates; 
L = number of regulated nodal points in water quality requirements 
at each time step; 
LT = total number of constraints; 
Z = 1 ~ L = water quality requirement number at each time step; 
Z = 1 ~ LT = constraint number in general T. FELP Method; 
=direction cosine outward normal to boundary, (Z or Z ); 
X y 
m = regulated nodal point number in Zth water quality requirement; 
[N] = [N1 •. Nn .• NN] =shape functions (weighting functions); 
N = number of state variables at each time step (total number of 
nodal points in finite elements); 
n~ p = 1 ~ N = state variable number at each time step (nodal point. 
number); 
Q = uncontrollable load; 
QT = uncontrollable load at nodal point n at Tth time step; 
n 
q = intensity of flux per unit length of boundary; 
sl, S2 =parts of boundary, 1 or 12 ; 
s 2 =segment of part of boundary S2 , 1 or 12 ; 
T = total number of time steps; 
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t = time, T; 
flt = increment in time, T; 
vk = convective velocity (v or v ) • Lr- 1 ; X y 
xk = Cartesian coordinate (x, y or z), L; 
xk = Cartesian coordinate of boundary (X' Y or z) , L; 
z = objective function; 
K =decay factor of boundary, LT-1; 
e = decision variable (controllable load); 
{ { e}} T ( = { { .e . l l = vector of decision variables in whole domain fl J 1, 
vector of controllable loads in whole domain rl); 
T { .e . l = vector of decision variables at Tth time step; J 1, 
0 = lower limit of decision variable; 
0 = upper limit of decision variable (upper limit of controllable 
load); 
-:::4" 
.0. =upper limit of ith controllable load; J 1, 
~=state variable (water quality in water basin); 
{{~}} = {{~~}} =vector of state variables in whole domain n (vector 
of water qualities in whole domain fl); 
{~T} =vector of state variables at Tth time step (vector of water 
n 
qualities at Tth time step); 
{~0 } =vector of initial states (vector of initial water qualities); 
n 
~O =initial state (initial water quality); 
~ = lower limit of state variable; 
q, = upper limit of state variable (water quality requirement); 
~ = temperature or concentration of surrounding boundary; 
a 
~b = prescribed boundary value; 
~T 
= prescribed ~oundary value at Tth time step; b 
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~ = lth water quality requirement at Tth time step; 
m l 
{~l'l = vector of rate of change of state variables at Tth time step; 
at n 
T = 1 "' T = time step number; 
rl = n x~2 = whole domain, L2r or L3T; 
8 t 
n = whole space domain (whole water basin)~ L2. or L3; 
8 
nt = Tx6t = whole time domain~ 1'; 
rfJ = subdomain associated with constraints, L2T or L3'r. 
- s 
rfl = sub-space-domain associated with constraints, 2 01" 1 3" L 
8 - ... ' 
Qg 
= sub-time-domain associated with constraints, T; t 




In this investigation three fundamental mathematical methods in water 
polluiton control were presented; A finite element & linear 
programming method (FELP Method~ or~the F.E. & L.P. Method), a transient 
finite element & linear programming method (T. FELP Method), and a finite 
difference & linear programming method {FDLP Method, or~ the F.D.& L.P. 
Method) were developed and systematized. 
An efficient computational algorithm for the proposed methods was 
developed in order to reduce computer time and memory by noting the fact 
that the proposed methods have special structures. 
An analytical method based on double Fourier series was also developed 
in order to check the computations of FELP Method and FDLP Method. The 
results of the analytical method showed good agreement with those of 
FELP Method and FDLP Method. 
The applicability of the proposed methods was sho~n through numerical 
examples of water pollution problems governed by the convective~diffusion 
equation. The results of FDLP Method (see Table 2-2 and Figs. 2~6(a)~(b)). 
~ere compared favourably with those of FELP Method (see Table 3-2 and 
Figs. 3-6(a)~ (b)) under the same computational conditions. 
It seems that the proposed methods give us new criteria for selecting 
the locations of outfalls and the optimal volumes of discharged waste 
water. 
The proposed methods may become fundamental methods for a systems 
approach in environmental and water resources problems. The proposed 
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methods may become useful techniques for analysis, planning, assessment 
and management in enviroP.mental and -.;a,ter :resources problems. Especially, 
FELP Method and T. FELP Method are useful because of tlneir generality with 
respect to geometry, material properties and boundary conditions. 
Tractability not only in the initial and boundary cond.i t.ions but also 
in the equality or inequality constraints makes sure that the proposed 
methods become powerful techniques for several new types of boundary value 
problems in various fields. 
The development of an efficient computational algorit~.m for the 
proposed methods makes it possible to attack large scale problems. In 
FELP Method and T. FELP Method skillful techniques based. on the band 
matrix of the finite element method could be used in Gaussian Elimination 
in order to reduce futher computation time and memory" 
Finally, future aspects associated with the proposed methods should 
be mentioned, 
Related methods such as a finite element (difference} & non-linear 
programming method, a finite element (difference) & integer programm:Lng 
method, and a stochastic finite element (difference) & linear programming 
method could be developed. Such developments would probably make it 
possible to solve more complicated and realistic problems, Such methods 
may make it possible to attack complex coupling problemso One such 
problems is the coupling problem governed by the equations of motion arrd 
continuity and the convective-diffusion equation. 
Comparison with other analytical methods, experiments and field data 














APPENDICES, COMPUTER PROGRAMS 
A. Computer Program for Finite Element & linear Programming Method -
Triangular Element with Six Nodal Points 
A-0 
FDRTf\MJ ~]!J!~(.i:: L f ST 1 NC OS7··HM-01-00 TDI 
SOURCE STATFr·iE:JT 
C M A I ~~ F L P 2 6 () N L Y 
CUMMnNIDOM /!MDJ!!20l 
C r_J !•1 f-1 muD AT A 0 fV N f.:-? 61 , \1 F 2 6 2 , "-J F?. 6 5, l t " , INK , l r < , I F D , K N I 
C U ~1 1'1 0 N I F F: r•l F 0 I J F t 1'1 F D 
,JFF.i"!FD=O 
!F[I=2 
I 1\IK= 3 
IC:K=3 
K!~ r = 6 
RLADC5,520l ICASE 
520 FCmi•1AT< l5l 
WRITEC6t620liCASE 
620 FURMAT<ll·ll,/I20X,•JCASE ='d5,1!) 
DO 10 NCASE=l,ICASE 
W~ITEC6,622lNCA~E 
6 2? F 0 R 11 AT ( 1 ~ 11 , I I , 2 0 X , ' >' ;; ~~ N :A S E = ' , I ~ , ' -;~ >< 1~ ' , 1 0 < I ) I 
r< E .A 0 C 5 , 50 5 l I f-1 0 J I 
505 FUf\i'1ATC 20A~ l 
WRITF<6,650l!MnJI 
65C FORMAT<lH0,5<1J,l9X,32C3H* ),1119X,lH*'92X,lH*,IIl9X,lH*'5X9 
1 2CA4,7X,lH*,IIl9X,lH*,9~X,lH1!,//l9X,~~(3H* ),5(/J) 
RU\D(5,5?lliFK 
521 FURMATC5X,J5) 
vJ R I T E < 6 , 6 2 1 l I F K 
6 2 1 F 0 I~ 1"1 A T ( 1 H 1 ' 2 X ' I ~~ 0 )~ I ' I I 3 X ' I J F K = I ' 1 ~ ' I ) 
t·J i~ I T E C 6 , 6 1 1 3 > 
6 113 F em i·t A r c Hr 0 , 3 ox , ' F L P j:l6 ' , 1 1 > 
CALL FLP?6 




















CUMI"'ON/SLP7 /XL ( 200), 1\JXLS ( 200 > 'NXLE < ~00 l, NFUS < 200) ~NFUE ( 200) 



















































IF (I SF. I OCJ.I'·JE. 0 .Ar·lD, ~E I [)tJ. L~, ::srI [lLJ > CJU TLJ '-JCl 
!F<Kf!SAN,FU,Q) GO IJ 9? 
GU TO e:; 
BO ~miTE<6,610) 
OS7-£1i"i-Ol-OO TO! 
6 1 0 F U R M A T < 1 H 0 ' 5 X , ' i~ ~; K t I S A N !S I N A I C ~ L 1 D U , L E • C 5 t. l D U ) )( lt ' , I ) 
GU TO 130 
8 ? \~ k I T F. < 6 , 6 1 2 > 
612 FURMAT<lHQ,SX,'HH Kt.ISAN ~INA! (Kt!SAN.~Q.O) HH' 1 /) 
CU TO 130 
tn cmn r NUf 
ccccccccc 
Zt:RO =O,OEO 
f) D 5 0 I = 1 , ~I 
ou 51 J=l,~~ 
51 A<J,J>=ZERO 
50 CUI'JT I NlJE 
D U 5 2 I = 1 , f'l 
52 B<I>=ZF.:RD 
DO 53 J= 1, r·J 
53 CC<J>=ZERO 
KM1zO 
DU 122 l=l,MXLG 
KS=NXLS <I) 
KE=NXLE (I> 
OlJ 123 KK=KStKF. 
Ki"ll=KMl+l 
LI:1XL(KMl>=KK 
R ( n11) =XL< I ) 
123 ACKM1,KKl=l,O 
122 CUI\JTI NUE 
LHXLE=KMl 
KFUE=LFUF 
IF<LFUF.,F.Q.O) GO TO 90 






f1U 92 1=1tLFUE 
KK=KFU<J) 
NPI=~..JP+l 
A ( KK, NP I ) = -1, 0 
CC<NP!l=l,O 
92 CDtH I NUE 
GO TO 93 
90 CONTINUE 
KFl=O 
DU 260 I=l,NFUG 
K~=NFUS< I) 
KE=NFUF:<I> 
00 260 KK=KS,KE 
K:·l=r~Fl+l 
I<FLJ C KFl) =KK 
KF2=KFl+NP 
I"'P =1'11 +KK 
A-3 
FORTRAN FLP;?.6 !::iJU~c;:: l...IST!NC:i OS7~BM-ul-OO TO! 
SOURCE !::iTATE"'1ENT 
A01P,i<F2>=-l ,O (((l<f2)::l,O 
IF<IAA.ElLOl GO TU ~60 
WRITf(6,686)J,KK,KFl,KFU<KFl),(f2,~P,ALMP,(F2l,(C(KF2l 





685 FORMAT<lHQ,5Xt 1 LBXLE =',IS,5X~'i<FUt ='d5~n 
93 CmJT I NUE 
cccccccccc 
IF<INITIA.NE,O> GO TD BOOO 
DO 723 I=l,NP 
D 0 7 2 "3 M t·1 = 1 , t1 E 
723 BC<I,MM>=BO<ItMMl 
IF<NBN.EQ,Ol GO TO 809 
DO 801 l=l,NP 
801 Nl~FF< I )::;0 
DO 802 K=l,NBN 
KF = r~ F ( K > 
NNFF<KF>=l 
DO 80.3 MM=1,ME 
803 BOCKF,MM>=BV(K,MM) 
8 0 2 C 0 ~.JT I r~ lJ E 
809 CONTINUE 
D 0 2 0 0 K f'1 = 1 , N E 
CALL SKMT<KM> 
DO 200 KI::l,KNI 
t1 1 = N n 0 < K t1 , K I > 
MI::r·~J+Ml 
DO 200 KJ::l,KNI 
M J = r~ 0 0 < K M , K J ) 
200 A<MI ,MJl=A<Ml ,MJl+HH<KI ,KJ> 
IFCIKA.Erl,O) GO TO 201 
DO 202 I=ldKA 





IF<IBCH,EQ.O) GO TO 292 
DO 238 I::l,JACH 




DO 238 J=l,NP 




IF<NBN.EQ,O) GO TO 211 




IF<KEISAN,LT,2l GO 10 71 





71 CCHH I NllE 
C C til< C H E K E 
DU 21() J=l,NO 
A < ~-I K F , J > = 0 • 0 
Ir<KF.EQ.J) A<MKF,J>=l.O 
210 CLJNTINlJE 
211 cmn I NUE 
DU 300 I=l,i'JP 
11P=Ml·t-T 
300 B<MP>=HO<I,l> 
IF<IKI:LECLOl GO TO ~03 
OU 204 I=ldKB 
Kl::l=I IKB< I) 
204 R<KBl=RlKH<I> 
2 o 3 corn I r~ u E 
aooo corn r NUE 
WRITE(6,b40> 
640 FURMAT<1Hl,//,15X, 1 BCI>',//) 
DQ 920 !=l,LBXLE 
IK=LRXL<I) 
WRITE<6,64l)J,fK,B<l l 
641 FORMAT<lH ,sX,2J5,El2,4) 
920 CUNT I ~HJE 
IF<LFUE,EQ.O) GO TO ~5 
Il=LBXLE+l 





95 C0 1H I NUE 
no 921 I=l,NP 
II=I+Ml 
vJRITEC6,b9l l I I, I ,ec I I> 
691 FORMAT<lH ,sX,2T5,El2,4l 
921 CUNTII~UE 
~~R!TE<6,642) 
642 FORMAT<lHl,//,l~X,•CC(ll' ,//) 
no 922 I=l,NP 
W~ITE<6,6q3)J,CC<I> 
643 FORMAT<lH ,sX,I5,5XtE12.~> 
92?. CONT HHJE 
no 9?.:~ I= 1, KFUE 
ll=I+NP 
IK=KFU<l> 
WRITE C 6, 692 >I I, I K, CC <I I ) 
692 FORMAT<lH ,5X,2!5~El2,4) 
923 CONTINUE 
IF< INITIA.I'JEtO> GO TO 8010 
IF<IACH.LT.U GO TO 925 
DtJ 9;~'+ I=l'M 
r•::ci,CjToMl) GO TO 926 







SOURCE STATE ~1E"J T 
GO TO 92.7 
96 f L= 1-LRXLE 
IK=LQQ(lll 
WRITE<6,693> f,IK 
GO TO 927 
926 II=l-Ml 
Wf-<!Tt:C6t!'l94l I, T I 
694 FORMATC1H0,5X,2!5) 
~::JURCE LIST!NS 
927 WkiTE(6,695><A< f,J),J:1,NO> 
695 FORMAT<lH ti(5X,lOE12.~>> 
924 CONTINUE 
925 CONTINUE 
8 0 1 0 C L.HH I N U E 
CALL LIPR 
IF<KPHASE.EQ,l> GO TO 130 
WRITEC6,670l 
6 7 0 F U R f1 AT < l H 1 , I I , 2 0 X t ' L P f~ E S U L T 1 ' I I > 
\·JR I T E ( 6 , 6 8 8 > Z 0 B 




620 FORMAT<lH ,1(5Xti5,tl2.4l) 
'tJRITE<6,621l 
621 FORMAT<lH1,11,20X,'kESULT',I/l 
vm I TE < 6, 688 > ZOR 
688 FORMAT<lHO,I/,lOX, 'OBJECT FUNCT!UN =' ,fl6,7,11) 
no 296 I=1,1·~p 
't>!R I TE ( 6, 622 ><I,< Z (I' J l, J= 1, I r=-o >'X< I)> 







DO 297 IK=l,KFUE 
II=KFU<lKl 
I=NP+IK 




IF<JFIG,EQ,Q) GO TO 1253 
CHUI S,AUT,NO KXE•KYE DEWA NAI 
IFCKNI.EQ,3l GO TO 9025 
KXE=MXE11-2+1 
KYE=MYE1f2+1 




9026 CONTINUE I 
WkiTE<6t650liMOJl 
057-BM-Ol-OO TO! 
650 FORMAT<lH1,5(/),19X,32<3H* ),1119X,lHHt92X,lHH,;/19XslH*t5XI 
1 20A4,7X,lHH,IIl9X,lH*,92X,1H*'IIl9X,~2(3HH ),5(/)) 
WRITE< 6,6161) 
IFCKXE.GT.21> GO TO 12g8 
Wk!TE<6t6660) 
A-6 



























DO 19131 I=l,KYF 
IF<JFJG)l9R2tlGH3,1Y94 
NS=( 1-1 H*KXE+l 
NH= I ~fKXE 
1 Y= I 
GO TO 1985 
NS=NP- H~KXE+l · 
N H = 1'-J P - < I - 1 H~ K X E 
IY=KYE-1+1 
WRITE(6,6<!61) lY' (IN, IN=NS,r-.JH> 
FORMAT<lHQ,//,!3,1X,21I6> 
CtJNTINU£ 
ltJ R I T E ( 6 , 6 9 6 2 > ( I X , I X = 1 , K X E > 
FORMAT<1HQ,///,4X,21I6> 
CONTINUE 
DO 1290 MM=l,ME 




DO 12Al J:l,KYF. 
IF<JFIG> 1282,1283,1284 
~J S: < I ~ 1 H* K X E + 1 
~J H =I ~cKXE 
I Y =I 
GO TO 1285 
NS=NP-I~cKXE+l 
r~H=NP- < I -1) ~*KXE 
JY=KYE-1+1 





GO TO 12A3 
WRITEC6,6662) 
FORMAT<lHOt//,20Xt'KXE.GT,21 DE FI~URE NASI'~/) 
COI\JT II\JUE 
FIGURE E~~D 
DU 724 I=l,NP 
00 724 Mt-1= 1, t~E 
BO< I ,r1M>=BC< I ,MM) 
BCHECKS 
IF<IBCH,FQ.O) GO TO 400 
WI~ITF.C6,690) 
FORMAT<1Hl,//,20X,'LDAD CHECK',//) 
DO 299 I=ldBCH 
I BCK= I BCHEK ( l > 
Il=IRCK+Ml 
CEB=Q,O 
DO 298 J:l,r\JP 
C~R=CER+ACA(I,J>HX(J) 





FORTRAN ~OUR([ L..!STINCi 
SOURCE STATEMENT 
CC BCHECKF. 
CC FH<CHE KS 
cc 
IFCKEISAN,LT~2) GO fJ 75 
IF<NBN.EQ.O) GO TO /5 
WRITE<6,63ll 
631 FUI~MAT<1Hl,;/,20X, 1 REACTIU\J LOAlJ 0 ,/!} 







I~ KF = KF + ~11 
RCRB=O.O 







IF< lPR.EQ,O> GO TO 130 
CALL PF26 





fORTRA~ DS?-BM-ul-00 TO! 
SOURCE STATF.HETf 

































DIMENSION VNG(300,3l 'IVNSSC30QJ,JVNGE<300l 
DIMENSION BCQC 300),~(( 300) 
DIMENSION NEABC50) 
DIMENSION MOJI( 5) 
DIMENSION QQ(50ltNDSC5Q),NDEC5Ul 
WFHTE<6,600) 
6 0 0 F 0 R 11 AT C 1 H 0 , 4 4 X , 1 4 H ~~ I f~ P U T D A T A ~( , 1 0 X , I I l 
100 READc5,500llD,IDl,I02,ID3,I04,JD5,RDl'f~D2''"1UJI 
500 FORMAT( I2,3X,515,2F15,0, 5A4l 
IFcin.LT.l.OR.ID.GT.l3l GO TO 110 
GO TO (1,2,3,4,5,6,1,8,9,10'11'12'13l'lD 
1 WR!TEc6,60lliO,CMOJlCil,I=l, 5l 
6 0 1 F 0 R M A T ( 1 H 0 ' I I ' 2 X ' I ~( I ' I 2 ' ' -;~ ' , ') X ' 5 A 4 ) 
KlND::IDl 
K H~DO= I 02 
KINDK=ID:~ 
K I ~JOV =I 04 
IHF=ID5 
W ~ IT E C 6 t 61 0 H< IN[), K 1 N) D' KIN') K, K 1 N D V ' I H r 
6 1 0 F J F~ f1 A T ( 1 H 0 ' 3 X , I K I N D = I ' I 3 ' 5 X ' ' K I ~J 0 lJ = ' ' I 3 ' 5 X ' 
1 'KINDK ;;',J3,5X,•<I\IUI/ =•,l3,~X, 1 1HF =',!3/) 
no 15 I=l,5 




15 COIH I NUE 
GO TO 100 
? W~ITEC6t602liO,<MOJl< 1>,1=1,5) 
6 0 2 F 0 R MAT ( 1 H 0 ' I I ' 2 X ' I ~~ I ' I 2 ' 1 -:~ I ' ~ X ' ~A 4 ) 
IAD=ID1 
NP=l02 
NNrJP:: I 03 
WRITEC6,620lJAO,NP,N~PP 
OS7-BM-Ol -OO TDI 
6 2 o F o R i'l A r < 1 H o , .3 x , , 1 A o = ' , I 3 , 5 x , o N P = o , I 4 , ~) x , ~ ·~ N p P ::: I' r r 4 , 1 1 
JF<IAD.EQ,Ol GO TO 20 
CALL AUT 
Go ro 100 
20 IF<KNI.EQ.3l GO TO 22 
Rt::AD<5,520 > <NZP< I>,< ZP< I ,J) ,J:!, 11-lJl, 1 =1 ,N\JF1Pl 
520 FrJF~MAT<3< I5,2F10.0> > 
~J~ IT E ( 6 , 6 21 > ( 1 , N Z P < 1 ) , < Z P < I , J > 'J = 1 ' IF D l ' I = 1 'N N P P) 
b21 FORMAT<1H ti(3(.3X,2!5,1X,2FlO.~>>> 
DO 21 I=ltNNPP 
I l=NZP< I l 
DO 21 J=1dFD 
Z< I I ,Jl=ZP< I ,J> 
21 CONTINUE 
GO TO 100 
22 READe 5,5200) <Z< I d > ,z( I ,2), I=l 'NPl 
5200 FORMAT<4<2FlO,O>> 
WkiTE(6,6210)(J,Z(!tlltZ<I,2>,I=ltNP> 
6210 FORMAT<lH t/(4<3X,J4,1X,2F10,4>>> 
GO TO 100 








630 FORMAT<1HOt3X,4HNE =tJ4,5X,6HINKE =,r~,5X,7H!AREA =~J3,5X, 
1 BHISEIDO =~J3,5X,/~AREAS =,El2.5t5X,7HSE!DO =,E12,5~/) 
IF<lAD.EQ,Q) GO TO SO 
GO TO 31 




631 FORMAT<1H t/(2C3X,J4,1X,6!5))) 
31 CONTINUE 
lFCKNI.EQ,3) GO TO ~5 




14=NOD< I ''tl 1 
I5=NOD<I,5> 
1-':l=NOD< I ,6) 
DO 300 K==ldFD 
ZC I4,K>=<Z< I2,K>+Z< 13,1<) )/2,0 
A-10 
FORTRAN DATA26 ~JU~CF: LISTING 
SOURCE STATEMENT 
Z< I5,K>=<Z< !3,Kl+Z< ll,<J l/?,0 
300 Z<It.HK>=<Z<Il,Kl+Z<I2,r<JJ/2.0 




6310 FURMATClH '/(5CjX,I4,1X,3I5l}) 
38 CmJT I NUE 
SAREA=O,O 
DO 35 J::l,NE 




632 FlJR11,\TClH0,5X~7HSAREA. =,El2,5,1) 
- IF<IAREA.GE,O) GO TU 36 
WRITEC6,633>< J,DELTA<I>,J=l,NE> 
633 FORMAT<lH ,/(5Xt5(J4,Fl2.4,3X>>> 
36 CONTINUE 
IF<ISEIDO,EQ,Ol GO 18 34 
CSEIDO=ARS<<AREAS-SAREA>ISAREA> 
WRITEC6,634>CSEIOO,C5EIOD 
634 FURMATClHQ, 5X,HHCSEIOD =,FlQ,b,lOX,El2.5) 
IF<SEIDO,GT,CSEIDO> ~0 TO 34 
lmiTEC6t635> 
635 FORMAT<lH0,5X,l9HMEN5E(I SEI~O WAHUJ,/) 
IFC ISEIOO,GT ,Ol GO TO 34 
STOP 
34 IF< lt'JKE.EQ.Ol GO TO 100 
CALL NKE 
GO TO 100 
4 WHITE(6,60l)IO,(M0Jl(J),J=l, 5> 
Kl:HJ= I 01 
~~R 1 TE < 6, 640 > KBU 
640 FORMAT<lH0,3X,5HKBU =,14,/l 
REA0(5,540)<CBU<l,I~U),IBU=l,8>,f=l,K~Ul 
540 FORMAT<BF10,0) 
WRITE(6,641>< J,<BU< I,IBJ),IBU=l,SJ,I=l,K8J> 
641 FURMAT<lH t/(3X,J4,~Fl2.~>> 
GO TO 100 




lmiTE<6,650 >IS, IS46' ISCE 
057-BM-01-00 TO! 
650 FOR~lAT<lHOdX,'IS =',J4,5X,'IS46 =',I5,5X,'!SCE = 1 ,J3,!) 
R~AD(5,550><ISS<I),l5E<I>,IKBU<I>,l=l,JS) 
550 FORMAT<5<3I5>> 
WRJTE(6,t,51 l (I, ISS< I l, ISE< I>, IKBU< 1 >, I=l, IS> 
651 FORMAT<lH ,./(5(3X,J4,1X,3I5>>> 
0 0 5 0 I = 1 , I 's 
KSS=ISS<I> 
KSE=ISE<I> 
IF<IS46,EQ.Q) GO TO 52 
I F < I F D • E 0 • 3 , A N 0 , I N K , !:: Q • 4 ) K S 5 = < l S ~ < I ) - 1 H( 5 + l 
I F ( I F D • E Q • 3 • A N D • I N K I E Q • 4 ) '<. s E = 1 s E { 1 ) l( 5 
A-ll 
FOI<TRAN nATA?6 ~JU~Cf. :. l ST l NG 
SOURCE STATEf,IEIJ r 
~? CU!-IT I NlJE 
N E .1\ 1"1 = I K B U C I > 
00 50 M=KSS,KSE 
K t) lJ K ( 1"1 ) = I~ E A M 
50 CONTINUE 
IF<ISCE,EQ.O) GO TO 100 
\tJ K I T E < 6 , 6 5 3 > 
653 FORMAT<lHOt/) 
WRITF.C6,652><I,KBUK<I>,J=l,NE> 
65? FORMATC1H t/(5X,10C215>>> 
GO TO 100 
6 WRITEC6t60l>JD,<MOJI<I>,I=l, 5> 






66? FORMAT<lH0,3X,•ME ='tl~,5X,'JQU =',{~, 
1. 5X,'..JQC ::•,J5,5X,'J~W =•,!5/). 
DO 1670 I=ltNP 
00 1670 MM=1tME 
1670 BCltMM):Q,O 
IF<JQD.EQ,O) GO TO o690 
DO o691 MM=l,ME 
IFCJQO.EQ.l,ANO.MM.~E.2) GO TO 6694 
READC5t5666>NDQ 
5666 FORMATCI5) 
WRITE ( 6, 5 66 7) NDC~ 
5667 FORMAT<lHOt5X,'NDQ =',{5,/) 
IF<NOQ.EQ.O) GO TO b691 
READ< 5,5668) <NOS< I) ,r\IQE( I> ,QQ( 1 >' !=1 ,NDQ> 
5668 FORMAT<4<215,f10,4>> 
WRITEC6,6664)(J,NDS< IJ,NDECl),~QCI>,J=ltND~> 
6664 FORMAT<1H ,/(4<~X,3!4,F12,4>)) 
DO 6692 T=l,NDQ 
KS=NDS<I> 
KE=NDE < l > 
DO 6692 J=KStKE 
DO 1661 IJ=ltKNI 
I I=NODCJ, IJ> 
1661 B<Il,MM>=B<II,MM)+Q~CI>HDELTA(JJ/FLOAT<KNl> 
6692 CONTINUE 
GO TO 6691 




IF<JQC.EQ,O) GO TO 1609 
D 0 16 6 0 ~11'1 =. l , ME 
IF<JQC.Et~.l.',ANO.t1M,(jE,2> GO TO 1711 
I'EADC5,56UNCQ 
561 FLJf{t1AT<J5> 
~m IT E < 6 , 6 6 0 > N C Cl 
660 FORMAT<lH0,5X,•NCQ =',15,/) 







\,! R I T F < 6 , 6 6 1 ) < I , N C < I > ' ~;:::: U < I > , I = l , N C :~ > 
661 FURi"'AT<lH t!C5<3Xt2l4,F12.4) l > 
00 1664 I::1,NCQ 
f<=NC: <I l 
RCK,MM>=RCKtMM>+RCQ<l> 
1664 CONTINUE 
GU TO 1660 




1 6 0 9 C U wr I N U E 
IF<Kf!SAN.EQ,2l GO IJ 1667 
I F < I r~ W • E Q , 0 > G 0 T 0 l 6 b 5 
16 6 7 V.: In T E ( 6 , 6 6 :~ ) 
663 FOr~MAT<lHOtlOX, q:!.( I ,'-1M> vE:TOR' till 
OQ 1666 J:l,NP 
I...JH I TE < h, 664) C I, C R <I, "1M>, M1"1= 1, Mt:. > > 
664 FORMAT<lH ,5X,J5,~Fl2,3> 
1 'P66 cmn I NUE 
1665 CONTINlJE 
GO TO 100 
7 WRITEC6,60l>ID,<MOJI<I>,I=l,5) 






\H~ I T E < 6 , 6 7 0 > I VEL , I V tJ , I VEX , I V w , 1 EX P 
lJ~l-f~M-Ul-00 TDI 
670 FORMAT<1H0,3X,6HIVEL =ti3,5X,5HIVG ==tl3t5X,6HIVEX =,!3,5X~ 
1 'IVW :•,J5,5Xt 1 IEXP =•,!5,/) 
GU T0<7lt72,73,/4,7~'76,77,78,19lt!VEL 




675 FORMAT<lH t/(4C1X,J4tlX,2Fl0.4>>> 
721 00 722 I=l,NE 
DU 722 IZ=ltiFO 
VU ltiZ>=O.O 
DO '727 J=l,INK 




IF<IVW ,F.Q.O> GO TO 100 
~~ R I T E < 6 , 6 7 6, > ( I , < V E < 1 ' J > , J = 1 , I F U ) , I = 1 , N E ) 
676 FORMAT<lH tiC5X,4<J~,2~10,4t3Xl)l 
GrJ TO 100 
73 <iO TO 100 




FORTf~AN DATA26 ~:JlJ~C:: LlSTlNCi 
SOURCE STATEMEI\]T 
679 FORMATC1H ,/(2(jX,J4,1X~214,2Fl0,4l) l 
DO 720 1=1,IVG 
IS=IVNGS<Il 
IE=IVNGE<Il 
DO 720 K=!SdE 
DO 720 J=ldFO 
Vf\JCK,Jl=VNGCI,J> 
720 cmn I NUE 
IF<IVl..J.Er),Ol GO TO 121 
\1 f< I T E C 6 , 6 7 0 1 ) < I ' C V N < I , J ) ' .J = 1 , I F 1J ) ' 1 = l ' I'! P l 
6701 FURMAT<lH ,/(5X,4Cl4,2F10,4,3Xll) 
GU TO 721 
75 GO TO 100 
76 GU TO 100 
77 GO TO 100 
78 GO TO 10:-l 
79 CiO TO 100 
A WRITE(6,601llD,<MOJICI),I=1, 5> 
IFL=O 
IF<IFK.EQ,3) GO TO 100 
8~0 READC5,587liD,LDtLD1,LD2 
~87 FURMAT<I2t2Xtll,2I5> 
IF<ID,NE.8l GO TO 110 
IF<LD,LE.O.OR,LU,GE,7> GO TO 110 
GU TO C821,822,823,B24,825,826ltlD 
821 WRITEC6,682l>LD 




680 FORMAT<lHQ,3X,•NBN =',I5,5X,'J~N =•,r~, /l 
IFCN8N.EO,O,AND,IFK,NE.4l SO TU A/ 
IF<NBN.EQ,O.AND,IFK.EQ.4l SO TU B50 




683 FORMAT<lH ,/(5C~Xtl4t!4,Fl0.4)ll 
DO 8000 K::l,NBN 
DO 8000 MM=l~ME 
8000 RVCK,MM)=BLIKl 
GO TO 8001 
80 DO 800 K=ltNBN 
READC5,5H3><NF<K>t<~V(~,~MltMM=l,ME>> 
583 FORMAT< J5,5X~5Fl0,0) 
WRITE<6,68l><K,NF(Kl,(BV<K,MM)~MM=l,MEJ) 
681 FORMAT<1H t3X,215t5fl0.4) 
800 CONTINUE 
8001 CONTINUE 
GO TO 830 
87 WRITEC6t683p) 
6838 FORMAT<lHQ,5X,25HNRN = 0 DE KElSAN OEK!NAI,/) 
GJ TO 830 
822 WkiTE(6,6821>lD 
IFL=2 






6 e 2 2 nm 1'1 AT < 1 11 u , -' x , ' N H c E = • , r ') , 1 > 




6 8 4 FUR ~1 AT ( 1 H 0 ' I , 5 X , ' ~H~ :.:- l J X A \J D L US 5 >di ' r I I ) 
WkiTE<6,685lCI,NHE(Il,I=l,~~CEl 
685 FLJi=<lvJAT< lH ,IC3Xtl6( 1_;, l4l l l 
GU TO 830 
823 WRITEC6,6821JLO 
!FL.=:~ 
I' I b C L = L [) 1 
WRITEC6,6d23)NRCL 
6823 FURMATC1HQ,3X,'NRCL =' ,[5,1l 




687 FURMAT<lH ti(3X,5CI4,314,1Xlll 
GO TO R~1D 
824 WRITE(6,682l)l0 
IFL=4'-




6889 FURMAT<lH ,3X,f5,5Fl2,4l 
8036 corn r NUE 





6825 FORMJ\TClHQ,3X,•JCAT =' ,!5,/l 
RlA0(5,586lCCLOSS(! ),AfZERO<I>,TZtKO< ll,l=l,NOCL) 
586 FURMAT<2<3FlO.Oll 
US/-BM-·Ol-OO TDI 
WRITE(6,688l(l,CLOSS<Il,ATZEROC!lt IZEROC ll,l=l,NRCL) 
688 FORMATC1H ,/(3X,2CI~,3Fl2,5)l) 
GO TO 830 
8 2 6 ~J R I T E ( 6 , 6 8 2 1 ) L n 
IF<lFL.EO.Ol GO TO 100 
IF<NBCE,EQ.O,OR.NBCL,EO,Ol GO 10 100 
DO 8010 I:::l,NBCL 
Il=NRLCidl 
I2=1~f"IL< I ,2) 
13=!~8LC I d l 
DLS=o.o 
DO 8011 J=l t!FD 
8 0 1 1 D L S :: D L S + ( l ( I 1 , J l ..., Z ( I 3 , J l ) ~~ l~ 2 
DLS=SQRT<DLS) 
DO 80f31 1"111=,1 d1E 
F L A L = ( F L U X < I , 1'1 11 l ... A T L E R 0 C I l lH Z E R 0 C 1 l HHJ L S I 6 , 0 
RC Jl,MMl=B< Jl,MM>-FLAL 
A<J2,MMl=B<I2,MMl-FLALll4.0 





GO TO 100 
~OU~CE L. I ST 1 NC1 








690 FORMAT<lllOdX~'KEISA\1 =•,J3,5X,'IBCH =',I~f~X,'!AB ='~I5~5X, 
1 1 IACH =•,!5t5X,'IPTE =',5X,J~,/) 






IF<IAB.EQ,O) GO TO Y56 





691 FORMAT<lH ,1(3X,l5CI3,14t!X>>> 










6187 FORt~AT<lH0,5X, 1 JAXB ='tJ3,5X,•JEXP =',!5,1) 
GO TO 100 
11 CONTINUE 
WRITEC6,6119)J[),MOJI 
6 11 9 F 0 f~ M A T ( 1 H 1 ' I I ' 3 X ' I '~ I , I 2 ' I i{ I , ~ X ' 5 A 4 ' I I ) 
Ir<IFK.NF,4> GO TO 100 
CALL LPREAD<MOJJ,NP> 





6612 FORMAT<lH0,3X, 1 IPR =',J3,5X,'JFIG =•,13,1> 
IF<IPR.EQ,O) GO TO 100 
CALL PF26 
GO TO 100 
13 WRITEC6,619~>ID 
6199 FORMAT<lHO,I/t2X,2HH ,I2,2H H,~X,l!HDATA FINISH,/) 
G1 TO 1001 
110 WkiTEC6,61lO>lD 









fORTRAN ~DU~Ct: L!STlNC) 057-BM·lll-OO TDJ 
SOURCE STAT[HENT 
c sutmour 1 NE 
SURROUT I ~JE AU r 
DIMENSION ZXC30ltZY<3Q),~OD4<9J 
DIMENSION Zl<30t2),L2C~0,2l,Z3CjO,;),l4C30,~> 









600 FORMAT<lH0,3X,AHISHA~E :,J3,5X,7HI~EXY :,J3,5X,8HNANAME :,I3t5X, 
1 6HITEI =ti3,5X,5Hl~R :,J3,5X,7H1 rEIL :,I3t5X,8HITEIEN =~13,/) 




601 FORMAT<lH0,3X,l3HNANAME TEISEI,/CH<3Xt[2,~I4>>> 
100 GO TO Cll,l2tl3,14,15,16,17,18>tiSHAPt 
11 Wf~ITEC6t6llj.. 




6110 FORMATCHJ0,3X,')HKXE =,I4,5X,5HKYE =,X4,5X,SHXSTART ::,F10.4~5X» 
1 BHYSTART :,Fl0,4,5X,6HXEND =,Fl0.4t5X,6HYEND =~FlQ,4,/) 
~1Xf.: KXE -1 
MYE=KYE ... l 
DMX=<XEND-XSTART>/FLDAT<MXEl 
DMY=<YENn~YSTART)/FLDATC~YE> 






DO 3 I=2,KYE 
Il=I,..1 
3 ZY< I>=ZY< Il>+DMY 
DO 2 J:2,KXE 
Jl=J-1 
2 ZX<J):ZX<J1)+0MX 
200 DO 4 J::1,KYE 
DO 4 J::l,KXE 
lF<INEXY.NE,O> GO TO 20 
K=<I·l>*<2*KXE-1)*2+2*J-1 




203 DO 390 I=l,MYE 
390 MYT<I>=O 
DO ~91 J=ltMXE 
391 MXT(J)::Q 
A-18 
FORTRAN AUT !:>JUKCE LISTING 
S 0 U R C E STATE ME rH 
IF CITE I. F.l:l. 0 l CiC! TO 3CJ3 
DU 592 I= l' I TE I 
M l"X=~1XTE I C I l 
MTY=~lYTE I C I l 
MXTCMTX>=l 
392 MYT 01TY) = 1 
393 CD:'JT I NUE 
DO 6 I:l,MYE 
IYTEI=MYTCI l 
DO 6 J:l,MXE 
I XTE I =MXT Lll 
IF<ISHAPF.EQ,5l GO TCJ 244 
IFtiNEXY,NE,O> GO TO 244 












Gll TO ?45 
244 M=CJ-l)HMYE+I 
I 1 = i·1 -:( 2 - 1 











IFCIWR.LT,l> GO TO 1066 
WRITEC6,6820> J,J,M,CN004<IK>,1K=l,9l 
6820 FOR~~ATClH ,5X,3J5,5Xt9l5l 
1066 CONTINlJE 
MOD12=MOOC I ,2) 
MODJ2=MOD(J,2l 
GO TO <21,?.2~23,24),~ANAME 
21 IF<MODI2.NE.O,AND,MDDJ2,NE.Ol bO TO H 
IFCMODI2.EQ,Q,AND,MUDJ2,EQ,Q) ~0 IU e 
GO TO 9 
8 JF(!YTEl.i'JE.O,AND,IXTEI,NE.O> GO TU 90 
















GU TO 6 
SJU~CE LISTING 
9 IF<IYTEI.NE.O.AND.IXTEI.NE.O> C:iO ro tlO 
90 NODCJl,ll=NDD4< 1) 
NODCI1,2>=NOD4C 2> 
N00Cllt3l=NOD4C 4) 







NOD< 12t5)=NOD4< l) 
NUDC I2,6>=NOD4<8> 
GO TO 6 
22 IFCMODI2.NE,O,AND,MODJ2,EQ.O) GO TU B 
IFCMOOI2.EQ,O,ANO,MUDJ2,NE.O> GU TU H 
GO TO 9 J 
23 GO TO 8 




602 FORMATC~HOt5Xt4HNP =ti5,5Xt'NNPP =',I~,5Xt4HNE :,J5,SX,5HNE4 =•15, 
1 I) 
IF<IWR.EQ,O> GO TO 500 
WRITEC6t605)(J,<NODCI,J),J=lt6>,I=l,NE> 
605 FORMAT<1Hlt5Xtl8HSAN~AKUKEI EL~MENr,//C5X,2CI4t6I5,lX))) 
31 CONTINUE 
300 IFCINEXY.NE,O) GO TO 780 
DO 7A2 I=ltKYE 
DO 782 J=ltKXE 
K~<I-l>R<2HKXE-l>H2+2HJ-l 
782 WRITEC6t678!)l,JtKtCZCK,JJ) ,JJ=1,2> 
GO TO 781 
780 DU 783 J=ltKXE 
DD 783 l=ltKYE 
K= < J- 1 HH 2~}KYE-l H~2+2~H -1 
WRITEC6tn78l)j,I,K,CZCK,JJ),jj=l,2> 
6781 FORMATClH ,1QX,315,2Fl0,2> 
783 CONTINUE 
781 CONTINUE 
IF<IAREA.NE, ... 2) GO TO 30 
VOL=O,O 
00 85 M=l,NE 
CI\LL ARCDXY<M) 
V ~~ L = V 0 L + [) E L T A < 1'1 > 
WRITE(6,619)M,VOLtDELTA<~) 
61Q FORMAT<lH ,2QX,{5,2fl2.4> 
85 CONTINUE 
GO TO 30 
A-20 
FORTRAN AUT ~ J U R C F L I 5 T I N Ci 
SOURCE STATFME~JT 
12 GO TO 30 
13 GO TO 30 
14 ~JI~ITEC6t6140 > 
6140 FORMAT<1HO,/t5Xtl8HfUTOO<A~KAKU KOUSlt/J 
READC5t5140lKXE,KYE 
5 14 0 F 0 R t1 AT < 2 J 5 > 
WRITEC6t614l>KXEtKYE 









MXE=KXE .. 1 
tWE=KYE -1 
N~=<2HKYE-1>H(2HKXE-1> 
NNPP= KXE i~KYE 
N E 4 = ~i X E U MY E 
NE=2~}NE4 
GO TO 200 
15 WRITEC6t6l50) J 






















MYE=KYE ... l 
Ni~PP = KXE {*K YE 
NP=C21KYE-l>H<2*KXE-l> 
Nt:4=t-1XE~~MYE 
NE = 2~~NE4 
D'J 150 J:l,KYE 
K~<l-l)HC2HKYE-l>H2+1H2-1 
Z<Ktl >=Z4C I tl > 
150 Z<K,2>=Z4CI,2> 
OU 151 J::2,MXE 
A-21 
057-AM-Ol-OO TDI 




DO 152 !=l,KYE 
K=<J-ll*<2*KYE-ll*2+2*1-l 
ZCK,ll=Zl(J,l)+CI-ll~DX 
1 5 2 Z C K , 2 l = Z 1 ( J , 2 l + < I - 1 > l~ D Y 
151 CONTINUE 
OCJ 155 I=l,KYE 
K=CKXE-1>*<2*KYE-1l*2+1*2-l 
Z<Kdl=Z2< I tl> 
153 Z<K,2l=Z2<I,2l 
GO TO 203 
16 GU TO 30 
17 GO TD 30 





:::,JLHCf .. ISTlNC 
SOURCE ~TATE~~E.fH 
C SUrif<OLJT I Nf 
SUl11<rJUT I fJE AE',CDXY ( M > 
CUMfviON/SMKOX/Dr.l.TA.( 500 l 
COMMUN/OATA2R/71500,2>'N~ 
il S l - R r1 ·- u l - 0 0 T D I 
C U !'1M 0 N I 0 AT A ) RIA I~ E AS , 5 E I D J , !\j t: , I "'-J K E , i Af~ t A ~ l S c l D 0 , N CJ D ( 5 (j 0 , 6 ) 
I 1 =NCJD C M, 1) 
IJ=I'JDD<M,2> 





X 11 = Z < I r·~ , 1 ) 
Y r•1 = Z < I 1·1 , 2 > 
GX=<Z<JJ,l>+ZCIJ,ll+Z(IM,l))/3.0 
G Y = < Z ( I I , 2 ) + Z ( I J ' 2 ) + Z < I fv1 , 2 > ) I 3 • 0 
XI=XI-GX 
XJ=XJ .. GX 




D t: L = X J ~* Y I"!+ X I ~( Y J + X M .;~ Y 1 - X J l~ Y I ... X t lf Y M- X M ~i Y J 


































D K = B LJ < N E /\ i1 , 3 > 


















YM=Y~I ... GY 
RK(l,l>=YJ .. YM 
RKC1,2>=YI"1-Yl 
RK<ld>=YI-YJ 
RK < 2,1) =Xf·I..,.XJ 
P,K(2,2J=Xl-XM 
E)K<2,5>=XJ-Xl 
C I=l,JNK .J=ldNK 
110 2 l=l,INK 
A-24 
FORTRAN SK~lT ~ J U ~ U: L I ') T l i~ CJ 
S 0 U IK E S TATE f'-1 E N r 








2 CLJIH I NUE 
CALL FAHCOS(M,L7,FSJ 
FS7=FS 
DO 1 I=ldNK 








DO 3 J=1dNK 
















IF<KINOV.EQ,O,AND,KI~OK,EQ.O) GO lU e 
s :~ ( I ' j ) :;;: Lj- • 0 ~{ F s 1 ~ 2 ' 0 ~{ ;: s 2 - 2 • 0 ~( F s j + F s 4 
8 X S I~ < I , J l = 16 , 0 H· F S 4- ti , 0 )* F S 5-4 , 0 ~* F S 6 + ~ S 7 
DU 9 K=l dFD 
XKSN<J,J,Kl=XSN<J,Jl~B<CK,I l~8K(K,Jl/DEL2 
9 CUf'.jT I NUE 






3 CCJtH I I~UE 
I~<KINnV.EO.O,AND,Kl~OK,EQ.Q) GO !U 11 
L~<I)=Ll<I)-? 






FORTRAN sKr·n ~:JURCE LJSTING 
SOURCE STATEMENT 
1 CmJT I NUE 
C I~l,JNK J:INKl,K~I 
r·.! 2 < 1 , 1 > = 2 
t·~2<1,2>~3 
I'J 2. ( 2 , 1 ) = 3 
~J 2 ( 2 ' 2 ) = 1 
r·J2 c 3 , 1 > = 1 
~J2 ( 3 '2) = 2 
DO 20 I=ldNK 
IF<KINDV.EQ,Q,AND,Kl~O(.EQ.O) ~0 TU 25 
Ll<!>=O 




DO 21 I=ltlNK 
IF<KINOV.EQ.O.AND,KlNDK,EQ.O> GO TO 26 
Ll<I>=2 
L2< I >=1 
26 L3<I>=l 
l_lt(J):J. 
DO 22 J=INKl,KNI 
J4=J-INK 
t'JJ.l=tJ2(J4d) 
N J 2 = r\12 < J 4 , 2 > 































25 CONTI l~lJE 
A-26 







IF<KINOV.EQ,O,ANO,KI~DK,EQ.O) ~0 IU ~4 
Ll< l l=Ll< I >-2 
L2< 1 >=L2< I >-1 
24 CONTINUE 
L.5< I >=L3< I >-1 
L4< I >=L4< I >-l 
21 CQNTINUE 
C I=INKl,KNI J=ltl~K 
DO 30 I::INKl,KNI 
OU 30 J=ltlNK 
IF<KINOV.EQ,O,AND.Kl~O<.EQ.O) ~0 IU 33 
S I~ < I , J l : S N < J ~ I > 
33 DU 31 K=l,JFD 
31 XKSN< J ,j,Kl=XKSN(J, 1 tKl 
30 CONTINUE 
C I=INKltKNl J::INKl,KNI 
DU 40 I=ldNK 
40 LCI>=O 
DD 41 I=INKltKNI 
I 4 :: 1 - I r~ I< 
N!l=N2( l4tll 
1'-l l 2 :: N 2 < I 4 , 2 ) 
IF<KINDV.EQ.O,AND,Kl~DK.EQ.O> ~0 fU 44 
L<Nlll=l 




L3<NI 1 >=1 
L4<Nlll=l 
DO 42 J=INKl.KNI 
J4::J .. JNK 
NJ1=N2CJ4tll 
N J 2 : ~·l 2 < J 4 , 2 > 




SN< I tJ>=l6.0~cFS 
L<NJll=l,<NJl>-1 













FOIHRAN SKtvlf SJU~CE LISTING 057-BM-Ol-OO TDJ 
SOUIKE S T ATEMOJT 











IF,KINOV.EO,O,AND,Kl~O<,EQ.O) GO IU 47 
L UJ I 1 ) = L < 1n 1 > - 1 






41 CO~H I NUE 
IF<IHF.GE,O) GO TO HO 
CALL FNXN2GCM,BK,N2,DT,FNXNG> 
80 CONTINUE 
DO 150 l=l,KI~I 






IF<KINDV.EO,Or GO TO 81 
IF<IHF> 199,200,201 
199 HF=HF+<VE<M,l)HFNXNG(!,J,l>+VECM,2>HFNXNG<I,J»2)) 
GO TO 81 
200 HN=HN+<VECMtl)HVE(M,lJ/4,0/0XK<l>+VE(M,2)HVE<M,2>14.0/DXK(2J)* 
1 SN<I,J> 
GO TO 81 
201 CONTINUE 
81 IFCKINOK.EQ.O) GO TO 83 
HH=HI~+DK~~SN( I ,J) 
83 CONTINUE 
HHCI,J>=H+HN+HF+HR 
IF<IAB.EQ,O) GO TO 150 
IFCNAB<M>.EQ,Q) GO TO 150 
W~ITE<6,600)M,I,J,HH<I,J>,H,HN'HF,HR 
600 FORi·1AT< ~H ,sx, •M, I ,.,J,Hrl< I ,J) ,H,HN,Hf,HR' ,5Xt3!5,5El2.4> 
150 CONTINUE 
IF<NACE,EQ.O,AND,NBCL,EQ.O> GO TO 110 
00111 I=1'1~RCE 
I F <t1 , E Q , N B r-; ( I ) > G 0 T 0 11 2 
111 COtJTINUE. . 
(,Q TO 110 
112 CiJNTINLJE 
DO 113 I=l,KNI 
DO 113 J=1tKNI 
113 SH<I,J>=O.O 
A-28 
FORTRAN SKMT !:> J U R C f-: L I 5 T 1 N Ci 
SOURCE STATn~Ef\IT 
nu 114 K:: 1 'i\JI"KL 
IF<JCAT,EQ.O) CLAT=tLOSSCKl 
IF<JCAT,NE.O) CLAT=AfZERO(K) 
IF<CLAT.EQ.O> GO TO 114 
I 1 = N fH .. < K, 1 > 
I3=NGL<K,3> 
IF< Il.EQ. I l.ANO. I::S,l:), IJ> GU TU 11~ 
!FC[l,EQ.II,AND.I3.t:::l.IM> SO TU 116 
IF<ll.EQ.IJ,AND.l3.t:.cl,l!l GO TU 1lj 
IF<I1,EQ.IJ.AND.I3.E~:.Ir!> SO TO 117 
IF<Il.EQ.IM,ANO.I3.t:Q,II> GO TU 116 
IF<Il.EQ.IM,AND.I3.t.),!J) SO TU 11/ 
GO TO 114 
11 5 D L S = S Q R T < B K < 2 , 3 HH~ 2 + B K C 1 d HH~ 2 > 
AL30 =CLATH6LS/30,0 
SH ( 1, 1 > =AL30~~4, 0 
SH<lt2>=AL30HC-1,0> 
S H ( 1 , 6 ) = A L 3 0 '* 2 , 0 
s~c2,l>=AL3D*<-l.O> 
S rl < 2, 2): AL 3 0 i~4, 0 
S H < 2, 6) :: AL 3 0 ~~ 2, 0 
SH(6,l>=AL30l*2,0 
SH < 6, 2) =AL301~2. 0 
Srl(6,6>=AL30Hl6.0 
GO TO 114 
116 DLS=SQRT<BK(2,2>HH2+9K(l,2>H*2> 
AL30 =CLATHD~S/30,0 
SH < 1,1 > =AL ~0?~4, 0 
SH(l,3>=AL30H(-1,0) 
St-t< 1, 5 > =AL30~*2. 0 
SH<3,l>=AL30H(-1,0) 
SH < 3, 3 > =AL::SOi~4, 0 









SH < 2, 4) =AL..30i~2, 0 
SHC3,2>=AL30H(-1,0> 
S H < 3 , 3 > =A L. 3 0 ~~ 4 , 0 
SH(3,4>=AL30~•2.0 
SH(4,2J;AL,30H2.0 
SH C 4 t 3) =AL.30it2, 0 
5H(4,4>=AL30*16,0 
DO 118 I=l,KNI 
D 0 11 9 J = 1 ' K 1·~ I 
119 HHC 1 ,J):HHCI t ... I>+SHC l ,J) 
IF<IAFLEQ,O> GO TO 118 
057-HM-01-00 TDI 
J(CNAB<M>.EQ 1 0> GO TO llB 
WRITEC6t610>M,K,(NBL<K,LL>,LL=1,3l,It<SH(l,J>,J=1,KN!) 











::iJU~CE LISTING 057-BM-Ul-OO TDJ 
~ J LH C I : L I S T 1 N C1 
SOUf~CE ::iT ATEHDI r 
C SlJtiiWlJTli~E 
S U FH~ n U T l t J E F N X N ?. C-J ( 1'1 , -\ 1\ , N c' , J T , F :'IJ X ~j G l 
[1 1 f'-1 E ~I S I 0 f\1 H K C 2 , 5 l , N C. ( 3 , 2 l , f~ N X r J G < h • t> , ~~ l 
D I ~1 E t.J S I 0 t-J L 1 < 3 l , L. 2 < 5 ) , L -~ l 3 l ~ L 4 ( 3 l 
US7-t3M--ol-OQ TDJ 
C 0 1'1 M n rJ I D AT A 0 f~ I N F ~ 3 1 ' \J F 3 3 ?. , \J i- 'S 3 .S ' l l K , i N r:_ , I F < , [ F [) ~ K r~ I 
I N K 1 = I f,l K + 1 





2 cmn r l'llJE 
C !=1,JNK J=ldN< 


















DO 9 K=ldFD 
9 F ~~X r~ C1 ( I , J , K ) :; ( R , 0 ~~-F ::, 1 - '~ , CJ ~{ F S 2 - ~ • 0 l~ f- S 5 + r S 4 ) it t3 K ( K ~ J ) I 0 T 
3 CUt'H I NllE 
Ll<l>=Ll<I>-2 
L2< I >=L2< I l-1 
L5(ll=L3<J)~2 
L 4 ( I > = L '+- < I > - 1 
1 CONTINUE 
C I = 1 , I I~ I< J = I N K 1 ' K N I 




20 L4< I >=0 





DU 22 J=II~Kl,KNI 
J4=J-INK 
1\1 J 1 = r-~ 2 ( J 4 ' 1 ) 




FOfnRAN F f~XI~ ?G SOURCE LISTiNG 
SOURCE STATE~In.JT 
L j ( I~ J 1 > ;;: L j < N J 1 ) + 1 









DO 23 K=ldFO 
F N X N G ( I t J , K ) ;: ( < 8 , 0 l~ F 5 1 - 4 • 0 lf F 5 2 He B K < K , N J 1 ) 
1 +(H,OH~53-4.0HF54>§BK<K,NJ2))/0T 






Lf< I >=l-1< 1 ),..2 
L2< I >=L2< I >-1 
L3C I >=L3< l ) .. 2 
L4< 1 )=L4( I >-1 
21 CONTINUE 
C I=INKl,KNI J=l,IN< 





DO 30 I=INKl,KNI 
14=l ... JNK 




















30 (QfH I NUE 
C J;INKl,KNI J=INKl,K~I 




FOfnRAN FNXN?G SOURCE L.lSTlNG 
SOURCE !:>TATH·JEI\JT 
L2< I >=O 
L.S<l>=O 
43 L4<I>=O 








DO 41 J=INKltKNI 
JLt:J-INK 
NJl=N2CJ4,1> 





















FOf-HRAI\J ~JUf<(f-__ J5T1NC:l 
SOURCE S T ATr-: t1E f!T 
C SUl:lROUTitW 











IF<LI.LE.l> GO TO 1 
no 2 K=l ,u 
FK=FLClAT<Kl 
2 FLlJ( l l=FLU< I HcFK 
FLAOCD=FLABCr»FLUIIl 
l CCJNT I NlJE 
LS=LL+? 
FARCD3=1 




5 C 0 t.JT I N U E 






SUB ROUT I ~~C. NKE 
RETURN 
END 










FORTRMJ ::,:Ju><C!:~ LlSTlNCi 
S 0 U R C E STAT E HE I~ T 
C SU~3ROlJTINE 
SLJBROUT I I\!E L I PR 
C 199 HliTC/LP02 LI~-...JF.:AR PRJGkA"1Mii,J:.i 1-W Sl!V!PLFX 1'1C..lll0[""1 
COMMONISLP1 /AI345,355),~<50u>,cCc500l 
C U ~-11"1 0 1\1 I 5 L P?. I ~~ l , M 2 , 'v1 5 ' ~J U , •~ A . ..., E < ') I , J L P w , t\J I T C: R E 
C L) ~111'1 0 N IS L P 3 I A P ( 5 0 0 ) , :: I ':i 0 Q l , l t1 ( ') 0 0 ) , N lJ M ( ~ U 0 J 
C U H M 0 N IS L P 4 I Z , Z E f~ U ' 0 N E , P ::i R E , t P S 















ou 10 .J=l,f'J 
C<J>=?ERO 
10 CCC<.)) =ZERO 
CALL SET2 
ZlNT:;Z 
j CALL PHASE..l 
l,J R IT F. < 6 , 6 9 9 9 ) 
6999 FORMAT<lHll 
JF<INITIA.EQ.Q) GO TJ 12 
IF<IACH,LT.l> GO TO 925 
[) 0 9 2 4 1 = 1 ' ~1 




GO TO 927 
926 11=1-Ml 
Wt~ITE<6,69~·> I, I I 
694 FORMAT<lHQ,5X,215) 
927 WRITFc6,695)CA(J,J),J:l,~0) 
695 FORMAT<lH ,1(5X,l0El2,4)l 
924 CONTINUE 
925 cm-JT I NUE 




601 FORMATC/IlH ,54H NOW WE rlAVE FOUND THAT TH~HE EXISTS NO FEASIBLE P 
lOINT/1/lH 30(4HEND >> 
Rt.TURN 
11 CONTINUE 
5 I~<KPHASF.EQ,lJ GO TJ 20 
CALL PHASE2 






SOU.-<CE LISTlNG 057~BM-Ol-OO TO! 
FORTRAN ::>JURCE !...!STING 
SOURCE ST ATEt'1E~n 
C SU8ROUT I 1\JF 
SUBf~OUT I ~~l SET?. 
COMMONISLPl IAC345,3S~),~C50Q),(CC50Ul 
COH~lONISLP2 lt~l,M2,"13,NO,\JA'1EC5l ,JLPW,Nl r:RE 
C 0 M 1"1 C1 N I S l_ FJ 3 I R P < ~ 0 0 ) , C < 5 0 0 l , I tl ( 5 0 o ) , r~ u M < 5 0 0 ) 





t·ll'1 = M 1 + 1 
1,! 0 ~~ 2 = N 0 + 1'1 2 
IFCINITIA.NE,Ol GO lJ 20 
[) 0 '• J = l ' 1'1 
N0~12J= NOM2+J 
no 3 I=l,M 
IF<I-Jl 1,2' 1 
1 A<l,NOM2J>=ZERU 
GO TO 3 
2 ACI,NOH2Jl=ONE 
·.5 cmn I NUE 
4 corn r tHJE 
20 CCl~JT I NLJE 
I F < t·12 ) 7 , 7 , 5 
5 DUo J=l,t'12 
NOJ=NO+J 
1•11 J= tH +J 
C<NOJl=ONE 
AOHJ,NOJl : .. QNE 
6 CmHINUE 
7 no 8 J=l,N 
Ct3<J>=.FALSE, 
lF(J,GT,NOM2) CB<J>=.TRUE, 
8 I~UH ( J):: J 
MMtvl:: :'1 
IF< INITIA.f-.JE,Ol MMM='-11 
DO 9 I=l,tv11'1M 
9 Hl(ll= l+N0+~~2 
IFCM2+M3) 14,14,10 
10 Z=ZERO 
DO 11 I=~1M'M 
11 Z=Z-B<ll 
DO 13 J:::l,NO 
C(J):ZF.RO 
CCC(J);;;-CC(J) 







F ORTHAI\1 ~:JU~C~ LIST I NCi US7-RM- 01-·00 TO! 
SOURCE STATEMOJT 
C SUHfWlJT l NF 
SUHRDUT I f'.Jt:: PHASL 1 
COMMON/SAXEQB/XI<500,ll,JPV 
COMMON/SLPl /AI345,35~l,b<500l,Cl<500l 
CO~H·10N/SLP2 /M 1, 1•12' 'B 't~ 0, 'Ji\ '1E <:, l t JLhoJ, NIT EI~E 
C 0 1'1 ~~ mu S L P 3 I R P < 50 0 > , C ( 5u 0 l , I t-l ( 50 o ) , I'll', M ( ~ 0 0 l 
C COMMON/SLP4 ;z,z~RU,QNE,P~RE,tP~ 






C 01'·1 M 0 N I S L P 1 0 I A I K A < ~ 0 ) t I I K A < 5 0 > , J I K A ( ~ (' ) , ! <A 




C 0 M t·1 0 N I 0 1 2 I ~l F l G 






















C COMMON/SUNIB /R<500tl) 






600 FORMAT<lH //1X,5HPHASE,Ilt5H M=l5,5H, N=l3//) 
IF<KEISAN,FQ.O) GO 10 100 
IF<INITIA> 199,~01,199 
19Q CQNT!NUE 
OJ 2 I:l,NP 




F-ORTI~AN PHASFl ~JUK(F LISTING 
SOURCE STATEI"lE~~T 
CALL SKrH < KM > 
DO l I=l,KN! 
I l=NOOCKM, I) 
00 1 J=l,KN! 
JJ=NOD<KM,J> 
1 A<II,JJ)=A<II,JJ>+HH<J,Jl 
R cmn r NUE 
00 723 l=l'~~p 
0 0 12 3 i•l ~1 = 1 , ~IE 
723 BC< I ,MM>=lW< I ,MM) 
A001 DO 801 l=l,NP 
8 0 1 ~J N F F C I ) = (') 
IF<NBN.EQ,O) GO TO 901 
DO 802 K=1tNBN 
KF=I\IFCK> 
NI\JFF<KF)=l 




DO 25 I=1tNP 
DO 25 Mt·1=1 d'iE 
25 XI<J,MM>=BO<I,MM> 
CC BCHECKS 
IF< I BCH, EQ, 0 > GO TO 292 
[)U 238 l=l,YACH 




DO 238 J=ltNP 





IFCNBN.EO,O) GO TO ~11 




IF<KEISAN,LT,2> GO TO 71 











618 FDRMAT<1Hlt20X,'RESULT •,///) 







cmn I I'JUE 
F 1GUf~E START 
lF<JFIG.EQ.O) GU TO 1283 
CHU! S.AUT NO KXE,KYE DEWA~AI 
A-41 
FOHTRAN rHASEl SJU'<CE L!STINS 
SOURCE ST ATE~IE~JT 
Ir<KNI.EQ.3) GO TO ~02? 
KXE=MXEi(2+1 
KYE=MYE~t2-t-l 




9026 COtH I NUE 
WRITEC6t650>IMOJI 
057-BM-ul-OO TDJ 
650 FURMATC1Hl,5C/)tl9X,32<3HH ),lllYX,lHi~,92X,lHH,//19X,lHH~5X~ 
1 20A4,7X,lHH,//19X,l4H,92X,lHH,//l9X,S2(3HH ),5(/)) 
WRITEC6t6620)KXE,KYt 
6620 FURi'1ATClHOt!,26X,'KXE =•d3,4X,'KYt =',13,1) 
IrCKXE.GT,21) GO TO 1288 
0 U 1 2 9 0 M f'l :: 1 , t-1 E 
~JRITEC6,6660) 
6660 FORMAT<lHl,//) 




I Y =I 
GO TO 1285 
1284 NS=NP-IHKXE+l 
NH=j\jP-< I -1 H~KXE 
I. Y = K Y E- I + 1 
1 2 8 5 trJ R IT E < 6 , 6 6 6 1 > I Y , ( X I < I N ' M M ) , I N :: N S , N H ) 
6661 FORMAT<1HOt//,J3,1Xt21F6.1) 
1281 CONTINUE 
129 0 CONT HHJF 




FURMAT<lHQ,;/,20X,'KXE.GT,2l Qt FlGURt NASI',/) 
CONTINUE 
CCC FIGURE END 
D U 1 5 I :: 1 , I~ P 
D 0 16 ~1M = 1 ' M f 
16 BOCI,MM)::BCCI,MM) 
15 COtHINUE 
IFCINITIA,GE,l> GO TO 203 
200 DO 202 I=l,NP 
202 XI<ld>:::O,O 
203 CONTINUE 





00 7051 NL=1tM3 
t·1NL = M 1 +1\IL 
I B ( M f\J L > = ~~ L 
7051 B<MNL>=XICNL,l> 
DL 7052 II=ltNFUN 
LL=~l3+ I I 
M I I = i~ + I I 
IB<MII>=LL 
A-42 
FnRTRAN ~:iJ U ~ C F I_ I 5 T I N G 
SOURCE ST ATEMEI\lT 
705? fi(MII>=O,O 
IF< lACH,LT.l> GO TO 130/0 
~·Jk!TFC6t6807> 
6 8 0 7 F lJ r~ f'l A T ( 11-1 ' 1 2 X , ~ lf I , E\ < l ) l* ' , I I :; 
DO 6071 I=ltN 
WRITEC6t6808)I,8<Il 
6808 FURMATClH tlOX,I5,El2,4> 
A 0 7 1 C urn I ~JU E 
8070 CUtHJNUE 
GU TO 204 







FORTr-<Af\1 ~~JURCE LI5TlNS 
SOURCE STATEMENT 
C SUBROUTINE 
suB R 0 u T H~ t:: pAX F. Q R ( N ' '-1 E 'N 0 ' '"'l ' M j ' M ' N 1- u I~ ) 


















r·~ 0 M 3 = N 0 + ~11 
IPV=l 
DO 401 IN=l,r~ 
DO 401 lK=ltNFUN 
KIK:::N+IK 
401 ACINtKIK>=O,O 
DO 402 lK:::l,I'IIFUN 
KIK=N+IK 
KK=KFU< IK> 
IF<JFEMFD,GT 1 0) GO lJ 408 
ACKKtKIK>=-1,0 
GO TO 402 
.408 A<KK,KIK>=l,O 
402 CONTINUE 
IFCN,NE.l> GO TO 75 
0 0 7 6 M 1"1 :: 1 ' I~ E 
76 BCltMM>~BCltMM)/ACltl) 
GO TO 28 
75 COtH I NUE 
NMl=N-1 
DO 1 K=ltNMl 
IF<lACH,NE.3) GO TO 30 
IF< INITIA,EQ~O> GO fD ~0 
WRITE<bt630> K 
630 FURMATClHl,//lOX,'K :t,y4,10X,'SIMPLEX TABLEAU'9//) 
IF<NOM3,GT.l5) GO TO 120 
WRITEc6,635><CC<I>,l=l,NOM3) 
635 FORMATClH ,z2X,l5F7,3> 
WRITEC6,636> 
636 FORMATClHQ,• l B,V, : B.F.S. X( 1> X< 2> X( 3> X< 4)'' 
1' X< 5) X< 6) XC 7) X< 8) X< Y) XClO> XCll) X(l2> '' 
2 1 XC13) XC14) X<l5)'d) 
120 CONTINUE ' 
DC 31 L=l,M3 
JFCNOM3,GT.15) GO TO 32 
I J B=i-1l+f~2+L 
DO 90 I=ltMl 
A-44 
FORTRAN Pi\XEGH SJU~Cr: LlSTlNCj 057-AM-Ol-OO TDl 
SOURCE STATEMENT 
90 R<I>=O.O 
W R I T E < 6 ' 6 3 1 > I I F1 , l.. , C C < L > , :I < '"" , 1 ) ' C A C L , J ) , J = 1 , N 0 l , < R <.I ) , I = 1 , M 1 l 
631 FUf~MAT<lHOd2'' XC 1 d2,'l ',F6.~'F/,3,15F/,5J 
GO TO 31 
32 CONTINUE 
WRITE(6,632l!IA,L,B<L,ll 
6:~?. FOR~IAT<ll-l ,2[5,E10,2) 
W~1TE<6,633>CA(L,J>,J=l,NOM3> 
633 FURMAT<lH ,/(5X,lOEY.2ll 
31 CONTINUE 
Du 81 I=l,Ml 
~JOI=NO+l 
IF<N,GT,l5l GO TO 8~ 
Iol=IB<I> 
IFCLFUE,NE.O,AND.I.GT,LBXLE> GU TU 200 
Ll=LbXLCJ) 
GO TO 201 
200 lL=l ... LBXLE 
LI=NP+LIQ< !L) 
201 CONTINUE 





11:31 =IB< I) 
WHITEC6,63l)J,JH<I>,CC<IBI>,BB<l>'<R<J>,J=l,NOM3> 












680 FORMAT<lHQ,//,5X,'B,V. ; BASIC VAR!AI:3LE',/, 
1 5 X , ' C ; C 0 E F F J C I E NT 0 F DB J E C 1 I V E F U t~ C Tl 0 N ' ,; , 3 X ' 
2 'H.F,S, ; BASIC FEASIBLE SOLUTlUN',;> 
WRITEC6t6Bl>M3,M3Pl,NQ,N0Pl,NOM3 
681 FORMATClHOt2X,•XC 1).., XC',J2,'> ; STATE VARIABLE't/' 
1 3X,'X< •,12,' >~XC ''12,' > ; DECISION VARIABLE'~/, 
2 3X, 1 X(' ,!2,'> ~ XC 1 ,l2t') ; SLACK VARIABLE',/) 
30 CONTINUE 
Kl=K-tl 
C PIVOT WO 1 NI SURU 
AKK=ACKtK) 
DO o KJ=K,N 
ACK,KJ>=A<K,KJ)/AKK 
6 CO~JT I NUE 




PAXt:UU SJU:~CE L.!STINCJ 
SOURCE ::iTATEf'1UH 
[) 0 4 1 f·l ~1 = 1 , ME 
41 R(K,MMl~AcK,NM)/AKK 
C ATARASII KE!SU WO MUTOMERU 
DO 7 I=Kl,N 
AIK::A( I ,K) 
D 0 4 2 f~ ~1 = 1 , ~1 E 
42 R<I,MMl=B<I,MM>-AIK*S<K,~Ml 
D 0 4 0 3 I K :: 1 , ~~ F lJ N 
KIK=~~+IK 
403 AC!tKIKl=A<I,KIKl-AlK*A<K,KIKl 





D 0 4 3 1'1 ~1 = 1 ' ~I E 
43 BCN,MMl=BCNtMM>/A(N,N> 
DO 404 I K= 1, ~JFLJN 
KIK=N+IK 
404 A~N,KIKl=A<N,KIKl/ACN,Nl 
DO 8 II=l,NMl 
!=N-Il 
I 1 = I + 1 
D 0 4 4 ~~ M = 1 , H E 
44 RAX<I·li'1l=R< I ,~1Ml 
DU 405 IK=l,tlFUN 
K 1 K=t,J +I K 
405 TA< lK>=A< I 'KIK> 
DO 9 J=ll,N 
D 0 4 5 f•11'1 ~ l , M E 
45 8AXCMMl=BAXCMMl-AC(,J)H8(J,MMl 




DO 46 t~~l::l,MF. 
46 ACltMM>=BAXCMMl 
DO 407 IK=l,NFUN 
K I K:: fJ + I K 
407 A( I tKIKl=TA<lKl 
8 cmn I NUE 
~J 0 M 1 = ~J 0 + ~11 
00 495 l=l,M3 
f1 3 J 1 = M 3 .. I + 1 




DCJ 480 !=l,Ml 
DO 4E31 J::l,NOMl 
A(J,Jl=O.O 
JNO=J-NO 
IFCJNO.EO.Il A< (,J>=l,O 
4 8 1 C l iH I I~ U E 
IF<LFUE,NE.O,ANU,! .~T.LBXLE) GU TU 220 





LL=LBXL (I l 
NJ=N+J 
ML=Ml+LL 
482 A( ltNJ>=-A<Ml,NJ) 




4 8 0 C orn I N U E 
00 48S l=l,NOMl 
CB ( I)=. TRUE, 
IF< I ,GT.N,ANO,I.LE,NO) CB(I l=.~ALSt, 
485 CONTINUE 
IF<IACH,LT.l) GO TO 925 
110 924 I=l'M 
IF<I.GT,i11l GO TO 926 
IK=LBXL(ll 
~JRITF.C6,693l I, !K 
69~ FORMAT<lHQ,5X,215) 
GO, TO 927 
926 Il=I-Ml 
vJRITEC6,694) I, I I 
694 FORMAT<lH0,5X,215) 
927 vJRITEC6,695) (A< I ,J) d=l ,NOl 
695 FORMATClH ,f(5X,lOE12,4)l 
924 CONTINUE 
925 CONTINUE 
f1ll = t11 + 1 
DO 700 l=1'1ll~M 
I 1 =I -f41 
DO 700 J:;l,N 
ACidl=O.O 
IF(Il,EQ,J) A(J,J)=l,Q 





S 0 U R C E STATu~ Er'H 




C 0 1'111 0 N I S LY 3 I R P < :; 0 0 ) , :: ( 5 0 0 l , I t:1 ( '"J 0 u l , N U M ( '5 0 0 ) 
COMMON/SLP4 ;z,ZERLJ,Q~E,PSRE,~PS 
C 0 ~1 1"1 0 i\J IS L P 5 I M ' r~~ , N C.. ' N 1 F < ll l , N c F < :, J , I_ S , ~J A .X , 1'1 A X 
COMMONISLP6 ICBC450J,:c:c450) 
LOGICAL CB 
N = N 0 + H 2 + 1·11 
!PHASE =2 
WRITEC6,600) !PHASE'~'~ 
600 FDRMATClH 111X,5HPHASE,J1,5H 
oo 1 J=l,~~o 
1 ((J)= -(((J) 
~~ f\1 0 = IJ 0 + 1 
OU 2 J=NNQ,N 
2 C<J>=ZERO 
Z=ZERO 
DO· 4 I=l,f1 
K=IP~<I) 
CH=CCK) 
DO 3 J:: 1 '~J 
IFCCRCJ)) GO TO~ 
((J):: CCJl-A( y,j)Hl~ 
3 Cot~T I I~UE 
Z :: Z - C ~HW < I > 
4 CONTINUE 
DO 5 J=l,N 
IFCCB<Jl) C<J>=ZERO 
5 COI~TI NUE 
CALL PIV 
WklTE<6,60ll 





US I-- fH1-· u l -- 0 0 T D I 
FOkTRAt~ :,JURCE L.l ST 1 N(i 057-BM-Ul-00 TO! 
SOURCE STATEMENT 
c SUBROUTINE 
S U [1 R 0 U T HI E P I V 
COMMON/SLPl /A<345,355),QI500l,CCt500) 
COMMON/SLP2 /Ml,M2,~3,NO,NAMEI~l,JLPW,N!TERE 









600 FORMAT(//lH ,33HTHE INITIAL TA~LEAU I~ AS ~OLLOWS//) 
CALL PRINT 




IF·( I ACH I ~JE. 3) GO TO 3 0 
IF<INITIA.EQ,Ol GO TO 30 
WRITEC6,630>ITERE 
630 FORMAT<lHl,//,10X,'ITERE =' ,14, 
IF<N,GT,l5> GO TO 120 
WRITE(6t635)<CC<J>,l=l,N> 
635 FORMAT<lH t22X,l5F7.3l 
~JRITEC6t636l 
636 FORMAT<lHOt' I 
1' X( 5) XC 6) 
2 'X<13> X(l4l 
120 CONTINUE 
t'1ll=i"ll+l 
B,V, : BoF~S~ X< 1> X< 2) X( 3) X< 4)v, 
X< 7) X< 8) X< '-i) X(l0) X(ll) X(l~) '' 
XC15l 1 ,/) 
00 31 I=t"llltM 
IF<N,GT,15l GO TO 32 
Ii:ii=IB<I> 
~mITE< 6, 6 31 l I , I B < I l 'CC ( I 8 I l , 8 ( ! > ' < A ( I 'J l , J = 1, N > 
631 FORMAT<lHO,J?.,• XC 1 tl2t 0 l ',F6.3,F/,3Jl:;F7,3) 
GO TO 31 
32 CONTINUE 
WRITEC6,632lltiU<I ltB(Il 
632 FORMAT<lH ,2J5,El0,2) 
WRITE<6,633>CA<I,Jl,J=l,Nl 
633 FORMAT<lH ,/(5X,lOE~.2>l 
31 CONTINUE 
DO 81 I=l,Ml 
IFCN,GT.15) GO TO 82 
I 8 I = I B < l ) 
WkiTE(6,63llltiB<I>,CCC!BI>,B(ll,(A(l,J),J=l,N) 




Gll TO 300 
81 COi'JTINUE 
WRITEC6t637>Z,(C(J),J=l,~l 
637 FORMAT<lHQ,5X, 1 Z0 ,9X,F7,3,15F7.~> 
A-49 
FORTF~AN F> IV 
SOUHCE STATEt-10n 




~JU~Cf.: LIST 1 NG 
680 FORr~AT<lHOd/,5Xt'B,V.; BASIC VARlAHLE',/, 
057-BM-ol-OO TDI 
1 5Xt' C ; COEFFICIENT LJF ~BJE.Cr!VC. FUNCTION',;, 3X, 
2 1 l~ , F , S , ; B A S I C 1-- C: A 5 I 3 L E 5 0 L U T I U N 1 , I ) 
WRITEC6t68l)M3,M3Plt~OtNOPlt~ 
681 FOf~MAT<lHOt2Xt 1 XC 1> "'X<',J2,'>; STATE VAt-<IABLE 1 t/' 
1 3X,'XC 1 tl2,'>.,.. XC'ti2t') DECISION VARXABLE',/, 




DO 17 J:q,N 
T=C<J> 
IF<T.GE.CUT> GO TO 17 
IF<LAMP,NE,O> GO TO 950 
lF<CNEW.GE,AHS<T>> SO TO 17 
CNEW ::: ABS<T> 
J(:::J 
17 CONTINUE 
IFCJC,NE.O> GO TO 26 
GO TO 900 
26 CONTINUE 
Cd<JC>=.TRUE, 
C ~HH} S t: ARCH I I~ G 0 F P I V 0 TAL R 0 W ~i lH~ 
GRE =PGRE 
IR=O 
DO lA I=ltM 
T=A< I ,JC > 
IF<T,LT.EPS> GO TJ 18 
~~S= 13(1)/T 
IF<WS.GT,GRE> GO TO 19 
GRE :: WS 
IR=I 
18 CONTINUE 
IF<IR.EQ.O> GO TO 9~0 
K=IB<IR> 
CB<K>=.FALSE, 
C HHH SWEEPING HHH 
P=A< IR,JC> 
T=C<JC> 
z::;z ... n~r. < r R > /P 




DO 20 I=ltM 
IF<I,EQ.IR) GO TO 20 
BCI>=A< I>·B<IR)HACI,J:> 
20 CONTINUE . 
OJ 21 J;:l,N 
IF<J,fQ,JC) GO TO 21 
A( IR,J>=A( lR,JJ/P 
21 cmn1r~ut: 
A-50 






o o 2 2 J :q , r~ 
IF<J,EQ.JC) GO TU 22 
DO 23 (=l,M 
IF<I.EQ.Jr~> GO 10 2~ 
A< I ,J >=A< I ,J l- A< I R' J H( A< I ~ JC l 
CONTINUE 
([JNTINUE 
DO 25 J;;;l,M 

















I r-.J· CASE THERE 1 S THE OPT I MAL VALUE 
~JHITEC6,60l> 





IN CASE THERE IS NO 30~ND 
~~ ~~ I T E < 6 , 6 0 2 l 






FOIHRAN S J U ~ C i:: ,_ I 5 T IIH1 
S 0 U R C E S T t\ T E r-1 E i\j T 
C SUBROUTINF 








D A T A N ~J 1 F I ' ( 1 H I I I I ' 2 X , 0 I 2 0 I ( l H , 6 H 2 J - C j ::: ~ 0 E 2 0 • 7 ) ) ~ I 
DATA NN2FI'<lH ,sx,r3,0E20.7) 0 / 
LLS=N-LS 
DU 100 I=ldl 
NlF< I >=N~HF< I> 
100 CONTINUE 
DO 200 1=1,5 







FORTf~AN :;,JU~C~~ LlSTlW1 
SOURCE STATEt~nn 











600 FORMATClH //5X,33HTHE VALUE OF OBJtCTIVE FUNCTION =,E16,7///) 
no 10 I=l,M 
1 0 lJR I T E < 6 , 6 0 1 > l A C I > , 1:3 < I > 
601 FORMATClH lOX,2HXBtl3,2H =El6,/l 
IF<JLPW,NE.999) GO IJ 15 
L=N/5 
LS:: U*5 
IFCN,LT,5) GO TO 28H 
LLS=LS-4 
[) 0. 11 K:: 1 , L L S, 5 
KK=K+4 
~RITEC6,602) tNUM(Jl,J=K,KKl,(l(J),j::K,KK),(CCC(J)tJ=KtKKl 
60?. FORMATC///1H t2Xt5120/Clrl ,2X,oHZJ-CJ= t5~20,7)) 
DO 12 I=l,M 
12 WRITE(6,603) IB<I>,CA(l,J),J:K,KK> 
603 FORMAT<lH ?5Xti3,5E20,7) 
-WRITEC6tb04) 
604 FDRMAT(///lH t24(5H* ~ ~>> 
11 CONTINUE 
IFtN,EQ,LS> GO TO 14 
288 CALL PREPRI 
LLLS;:;LS+l 
WRITEC6,NlF> (NUMCJ>,J=LLLS,~)tCCCJ>,J=LLLS,N),(CCCCJJ,J::LLLS,N) 
DO 1:3 I:l,M 
13 WRITE(6,N2F> IACil,(A(I,J>,J=LLLS,N) 
WRITE(6,604> 
14 CONTI ~~UE 






C SUI:31WUT 1 Nf 
S U [~ i~ ;] lJ T I N 1:: L P R F f\ D < 11 U J I d~ ' ) 
C U :1 1'1 0 N I S L P 2 I M l , 1•12 ' 1 .:S ' 1\i 0 , "'>J .1\ "1 E ( ? > J.J U l W , .-~ l T :: 1-.! L 
C 0 H 1·1 0 N IS L P 3 I R P < :; 0 0 ) , : < 50 0 l , i :1 C 11 0 n ) $ N t.l M ( ? 0 0 ) 




C 0 ~1 i1 0 N IS L P 7 I XL ( ~ 0 0 ) , ~XL S < 2 0 0 ) ' I'J XL E < t:' U 0 > ' \J F US C 2 0 0 ) ~ N FUr ( 2 0 0 ) 
COMMONISLPB /LBXLC20Q),LI:3XLE,<FU(t:'QO),KFU~ 





















IFCID,NE.ll> GO TO j99 
GO T0<9l,92,93,94,95,96,~7>,LD 
91 W~ITE(6,670>LD 
6 7 0 F 0 R i1 A T ( 1 H () ' I I ' 5 X ' I JC 11 - I ' I 1 ' ' ~( ' , I I ) 
t1XLG =LD l 
WHITE(6,63l>MXLG 
6 3 1 F o R t·1 A T < 1 H o , 3 x , • r1 x L G = ' , I 5 , 1 1 > 




660 FORMAT<lH '1(3X,4C315,F12,4))) 
GO TO 333 





632 FURMAT<lHQ,I,3Xt'NFU:J =•,Y5,5Xt'LFUE =·t{~,5Xt 1 JCD ='tl5,/l) 
IF<NFUG,EQ,O,AND,LFUE,EQ.O> SO TO j33 




661 FORi1AT<lH ,;(3X,R<3I5>>> 
GO TO 3;3 
A-54 
FORTI~AN L fJ f~ t.. A IJ ~JUI<Cf: LIST l NCi 
S 0 LJ H C E STATE M E tH 
3000 REAOc5,500>CKFU<l),L~(!),(J::L\Il,[=i,LrLE> 
500 FORMATC4C2I5,F1U.O>> 
WRITEC6,600l(!,KFU<l>,LQ( ll,Q(L(J l,I=l,LFU~) 
600 FORMAT<lH ,/(3X,4C3I5,F12,4)}) 
IFCJFEMFD,NE,l> GO IJ 921 
IF<JCO.~[.O) GO TO ~21 
I~ K 1 = r~ P - K X E + 1 
DlJ 920 I=l,LFUF. 
IF<LJ<I>.EQ,O) GO TO 920 
Il=KFU<I> 
1-1 K C::: r~ 0 D C I I , K X E ) 
IF<II.LE.KXE,OR.II.GE,NKU GO 10 Y/!2 
IFCMKC.EQ,l.OR,MKC.t~.O) GO TO 9?2 
CKL <I> =QCL <I> /SAREA 
GO TO 920 
OS7-AM-Jl-OO TDI 
922 IF<II.EQ.l.OR,II.EQ,<XE.DR.II,EQ,N~l.OR,Il,EQ.NP> GO TO 923 
0 C L C I > = r.K L C I ) I < < S A I~ t:. A I 2 , 0 > ) 
GO Tn 920 
9 2 3 !K L< I > = L~ C l < I > I ( C S A R E A I 4 , 0 > > 
920 CONTINUE 
921 CONT HJUE 
U.lE=O 
[)0 3005 I=l,LFUE 





GO Tl) 333 
93 WRITEC6,670) LD 
lKA=LDl 
l-JRITE<6,633> IKA 
633 FORMAT<1HQ,/3X,'IKA =•,JS,//) 
IF<IKA.EQ,O) GO TO 533 
f~ E A D < 5 , 5 5 4 ) < I I K A ( I > ' J I I( A < 1 > , A I 1<. A < I > , I = 1 , I K A > 
554 FORMATC4C215~F10,Q)) 
WRITEC6t640>CJ,JIKAC1)tJIKA<I>,AIKACI>,I=l,{KA> 
640 FORMAT<lH ,f(3X,4C315,Fl2,4))) 




634 FORMAT<lHQ,/,3X,'IKH :',IS,//) 









6.35 FPRM.tH ( lHO,; dX'' I KC:: =I ,J 5,/ I) 




FORTRAN LPF<EAD !:>OURCC:: LISTING 
SOURCE STATEMENT 
WRITEC6,642)( [,!IKCCC Il,:CIK:c< J),J::l,!KCC) 
642 FORMATC1HQ,I(3X,4{!~,5X,I5,Fl2.4ll l 





6 8 0 F u H 1'11~ T ( 1 1-1 0 ' I ' 3 X ' I j L p ..J = ' ' I 5 ' 5 X ' I N 1 I E R t. :: I t I ') s I ) 





675 FORMAT<lHQ,/3X,'INITIA ::',[5,5Xt'KPHASE =' ,J59/) 
l~ R IT E < 6 , 6 7 1 l 
671 FUR:1ATOHO,f/5X''~* LP DATA FINISH ~} 1 ,/) 
1"11 = 0 
DU 120 l=1,MXLG 
120 M1=Ml+NXLECI)-NXLSCil+l 
LbXLE=tv11 
IF<LFUE,NE.O> GO TO 3001 
I\JFU1\l= 0 
D 0 1 2 1 I = 1 , ~~ F U G 
121 1\l f U 1\J:: NF UN+ N F U E < l l - N f J S < l ) + 1 




0 5 7 - B ~1 - 0 1 - 0 0 T D I 




113 = NP 
N0::1\JP+NFUN 




602 FORMAT<lHQ,5X, 1 CM=Ml+M2+~3) = 1 ,15t~X,'<N=NO+M+M2> = 1 ,!5 
1 ,5X,'Ml =1 ,J5,5X,'M2 ='tl5,5Xt 1 M3 =1 ,{5,5Xt 1 NO : 1 ,15, 
2 5X, 1 NFUN ='d~,;) 
JF(N-NAX> 4,4,5 
4 IF<M-MAX) 6,6,5 
6 corn I NUE 
GU TO 395 
399 WRITEC6,695)IO,LD 
695 FURMAT<lHQ,///,5X, 1 it LP DATA QKASll U',5X,'l0 =1 ,J5,5X,'L0 ::: 0 t 
1 I5tl> 
LPOT=l 
GO TO 395 
5 WRITEC6t658lM,N,MAX,~AX,NAME 
658 FURMAT<lHO,)//,jX,'H LP DATA OKASII <M,GT.~AX.OR.N.GT,NAX) H9 ' 
1 'M =',J5,5X, 1 N =1 tl5,5X,•MAX ::t,J~,sX,'NAX =' J!5,5X,5A4,/) 
LPOT=l 








I i'l P L I C I T I-.; F A L ;~- -~ 1• ( f\ - H , J - I l 





R t: A D ( 5 , 5 2 0 ) I C A S E 
? 2 0 F U R l"i A T < I 5 > 
WRJTf(h,6~0>1CASf 
620 FORMAT<1Hl,/12nX, 1 !CASE =1 ,J5,1/) 
OU 10 NCASE=1,[CASE 
WR J TE < o, 622) ~:CA~F 
6 2 2 F u r~ r·l AT < 1 H 1 , 1 1 , ? u x , 1 ~HH~ N: As E = ' , 1 ' , 1 lHd~ ' , 1 o < 1 > ) 
v-iRJTE<6,6lbl> 
6 1 6 1 F CJFHVI AT ( HI 0 ' 3 0 X ' I D 0 u b L E F 0 u F~ I E R !:-> [ I~ J E s I ' I ) 
RE/\D( 5,505) JMOJI 
505 FUf<I''IAT<20A4) 
1tl R I T E < 6 , 6 50 ) I ~1 0 J I 
CJ~7 ·HM- ul··oo TDI 
6SO FURMAT<1HQ,5(1>,19X,32(3HH ),II!YX,lHl1,9~X,lHH,I/19X,lHH,~X' 
1 20A4,7X,lHH,IIl9X,lHH,QtX,lrlH,IIl9X,~2(~HH ),5(1J) 
f~tl\0(5,521 l IFK 
521 FORMAT<5X,I5> 
WRITE(6,621 > IFK 
6 ? 1 F u R 1'1 A T c 1 r- 11 , ?. x , 1 ~~ o l~ ' , 1 1 5 x , ' I r K = ' , 1 ' , 1 > 
CALL DFS 






r ORTI\Al\1 ~:d U R C r L l ~ T J I'H: n:::,J Rt-1-ol-OO TIJl 
SOURCE ~ T ATEi-1E i·l 1 
C SLJdfWU T I NF 
SUR ROUT I f'.JI:: DFS 
I i"l P l.. I C IT F< F A UHi ( A -- H , 0- l > 
CCJMMONIDOf'-1 lli'10JI < 20 > 
CUMMONIOOR IIFK,I~J 
C lJ M 1"1 0 N I 0 H< I K 1 N D LJ ' K I \1 D v' , K I N D ll X , K I N U LJ y , i< I \1 D K 
C U lv1 M 0 r-J/ D 21~ I X S T A I~ I , Y 5 T 1\ fH , X E N D , Yt- N u , [ 'tv! X , ) I"'Y , M X E , IW L. , K X C: , K Y E 






Cm·Jf"lONIRESllL T IX< SCO > 
ClH'!MO"'/M~!UW IMf-:f\10, N ::N), '1E ·~,\IE N 




D 1 i1 ENS I Dr•l H S C 9 > , ME ( ll ) , I( S < 9 l , I( E < 9 > 
D 11'1 U~ S I 0 r J S I' X < 50 > , SPY C 50 l 
~~ I'( T T E C 6 , 6 J. I) ? ) 
616? FURMAT<lHO,~OX,'OOU~LE FOURIER SERIES' ,1) 
CALL DATA 





~~ R l 1 E ( 6 , 6 .:S 6 ) 
636 FORMAT<lH1,20X,'OOU~LE FOURIER SFRIES' ,11 2~X, 1 RESULT',II, 
1 9 X' I I I '4 X' I z ( I ' 1 ) I , 4 X' I z ( I '?. ) I , 5 X' .s X' I X ( I ) ' '8 X' I uc ( I ) I ' I ) 







t~S < 1) =HEN 
r-11: < 1 > =r"1nro 
KS<l>=~JU~ 





















l'li: < 6 > = fviD 
!<.J(tJ)=l 





1·15 < B l = 1 




t·11: ( C) ) = C) 0 
kS C r; ) = q 0 
Kt.C9J=90 
n u. 1 o L = 1 , c; 
1-I~L-=t--15 C L l 
l·li:.l.= ~I[ C L) 
r-.J S L = K S C L 1 
Ntl.=KFlll 
~111 = 0 
DU 2 l"lF=MSL.,fvlEL 
~.1 t·1 ::: f'l t·l + 1 
~~ = H [ L. -t 1 - f·\ 11 
IFCL,EQ,4,0R,L.EQ,7,JR.L.E).9) M=O 
Fi''I=FLOAT(i'\) 
P !'t I. = F. ~1 1~ P I X L E 
f-l1'll.. 2 = PHL }i-P H L 
lf<L.E0.4,0R.L.E0,7.DR.L.EQ,9) GO 10 IO 
P 1·1 ?. = 2 , 0 I < F II )( P ) 
7 0 C U f·l T l N lJ E 
l~<JSD.En.l> GO TO eoo 
C X ::: DC 0 S C P fvl U~ P X l 
GLI Hl fiOl 
8 0 0 C X = C uS ( P fvl [.l( P X ) 
801 CUtJT I 1'-JUE 
[)!l 40 K=l,KCE 
IF<L.E0.4,0R,L.EQ,7.0R.L.EQ,9l GO ro 400 
IF<JSD.EO.ll GO TO e02 
S ~1 X ( K ) = P ~~ 2 ;f ( D S I r~ ( PM L 1i X E ( K l J - 0 S 1 N C f-l M l ~f X S ( K ) ) l 
Gli TO 80~ 
8 0 ? S fJ X < ~: l ::: P 1·1 2 );~ c S I N C PM L ~( )( E ( K l l - S l N < P ~~ L l( X S ( I< ) ) l 
f303 C1lfHINUf 
<10 TO <;0 
400 SPX<Kl=CXE<Kl-XS!K)l/XLF 
~~ 0 ClliH I N U E 
NN=O 
!l U 5 N F = N S l. , N t:l. 
tH\J=NN + 1 
t~ -~I J [ L + 1- I'J iJ 
I ~. < L , E r~ , 5 • (lf~ • l. . f: n , 8 • J R . L. • E ~~ . 9 ) N = 0 
F f·J = r=- Lfll\ T r ~~ l 
B-3 
o~)/·· nr-t Li 1 ···on TD r 
i-OI~TI-\1\1'1 [lF ~:, 
P 1\1 H = F i~ :; P I Y t IF 
l>!\1 II?= PN Hir P' !II 
I F C L • E rJ • 'i . r1 f\ , L • 1:~ 0 • 13 , J f~ • l. , t J . ) l c; [1 I 0 I ! 
F> f\J 2 = 2 • o 1 ( nu P > 
71 CUtH I NlJE 
I 1: < J S D • E Q • 1 \ G n T 11 U 0 4 
CY =-DCCJS < Pi·HI;~py \ 
Ci[J TO R05 
804 CY=COS!PNHHPY> 
8 0 5 C 0 r.JT l N U E 
lJ r·'l f J ::: 0 • 0 
UU <tl K=l,KCE 
I r < L. , E (J • 5 , 0 R , L o 1::: Q , 3 , J R o L • E ~ • 9 ) G D I 0 4tl 1 
Ir-<JSD.EQ.JJ GO TO H06 
SPVCK>=PN2HIOSIN(PNHnYE<<>J-JSlNCPNH*YS(K)l) 
(iU T 0 fl Q 7 
B 0 6 S P Y < K > :: P l'J 2lH S I N C P N H -l~ 'r' E < K l > ·· S I N < P N H l~ Y S < ~~ > l > 
B07 Cui'H I NUE 
GU TO 41 
401 SPYCKl=(YE<Kl-YS<K> liYrlE 
41 i.~ :vJt J = em f'l + C <~ ( K > }c S f 1 X ( K > lc SPY < I( ) 
12 CXY=CXl~CY 
lrCJO.FQ.Ol GO TO 30 
l~ = Q + l111t~~KX Y 
30 rr:·<JP.EtLOl GO rn 31 
P r1 f J = <~ I·HU ( D X lc P f1l. ;J. + D Y l~ P f\J H 2 + lJ r< ) 
Pi\ I =PA I -i-Pfvlf'UCXY 
31 cur-n rr~uE 
3 CUIH I I~UE 
? COtH I NUE 
1 o cuwr r NUE 
lKCl)=Q 
X<I>=PAI 
'tJ f-~ ! T F < 6 , 6 :S 5 l C I , l < I , l ) , Z < I , 2 l , X < I l , (J C < I l > 
635 FlJi~t1AT(lH ,'1X,Y">,2Fl0,2,5X,2::1~.4> 
l CUI'H I i'JUE 
CCC FIGURE START 
IF<JFIG.EQ.O) GO fO 1283 
WRTTEC6,650)lMOJI 
Uj7·-BI·1 \j l ·nO TD I 
o50 FlJRMATClH1,5(/),19X,~2<3HH ),/ll9X,lHHt92K,lHH,/Il9X,lHH,5X, 
1 20A4,7X,lH*,/119X,lrl*'9~X,lH*'I'l9X,~2(~H* ),5(/)) 
;.m I T E < 6 , 6161 ) lJ X , fW, IJ <,ME '>JO , N C: N Ll , M 1: "-J , N Ef,~ 
6161 FORMAT<lH0,3QX,'OOU~LE FOUR!~R SERJES', 
1 1/,3QX,'DX =',Fl2,4-,5X,'JY =',Fll,4,:;X,')K =',F12,6,5X, 
2 l/dOX,'f'1ENO ='d~t5X,'N:::ND =',J?,~X,'ME~ ='d5,5X,'Nr.N =•d5d) 
WHITE!6t6620)KXE,KYt 
6 6 2 o FoR 11 A r < 1 H o , 1 , 2 6 x , • K x :: = • , I 3 , 4 x , ' K v t:. = ' , 1 3 , 1 > 
IF(KXE.GT.lR> GO TO 1298 
~.J I~ I T F. < 6 , 6 6 6 0 ) 
DU 191:31 I=l,KYE 
IF<JFIG>l98?.,1983tl994 
19!32 NS= ( I-1 )-lcKXE•+l 
NH-:: f )cKXE 
1 Y ~ r 


















llFS .':>J u ~ c~ 1 :, r 1 ~,1 ~ i 
N ;I = I'J p- ( I - l ) l~ I< X E 
I~CJKE.Nf.Ol NS=N~-J<E 
I r ( JKF. .I~E. 0 > ~'-JH=r'JH-J<E 
I Y=r<YE- I ·t-1 
WRITECbt69blllYtC[N,JN=NS,~Hl 
FURMATClrlU,//,[~,lX,21!6l 
currr r :·wE 
\·J! ~ I T E < 6 , 6 9 6 2 ) < I X ' l X= 1 , !(XC: l 
FUR~AT<lHOt///,4X,2ll6> 
CmJT I NUE 
~~1-.! ITE < 6,6660) 
FDRI'1AT< lHl,/1> 
l.JK I TE < 6 '6'16 'S >I MllJ I 
F tJ I~ , 1 A T ( lf-1 , 2 5 X , 2 0 A 4 ' I I ) 
Di.l l2fH I=ltKYE 
1FCJFIG> 12A2,1283,12B4 
N S = < 1 - 1 l ~~ K X [ + 1 
r·H· . .: I-;~K><E 
1 Y =I 
()U. TO 12A5 
f'J~=t~P- H~KXE.+l 






CU~JT I NUE 
Wk!TE(6,6962)(1X,JX=l,!(X~l 
GU TO 1283 
WR!TE<6,6b62) 
FORMATClHUt//,20X,'KXE.GT.L6 Dt FlGURt NASJ 1 ,/) 
CONTINUE 
FIGURE ENIJ 
IF<IPI~.EQ.O) GO TO 130 




[) ~ l ·· f-H1 · u l ·- n 0 T I) ! 
1- OIHI~At~ :l J;j I~ ( , I ')I I H J U :> I I' 1'1 · u I - il 0 r [) 1 
C S U : i i< 0 U T l 1\l F 
SU!~t~OUT I 1\l[ DAT.'\ 
I :'1 P Ll C I T ~~ 1: AU< d ( J\- rl , 0 - l l 
CUMMON/00~ II~K,I~J 
CUMMON/Dlk IKl~DU,(l~DV,~I~D~X,KlNOUi,KI~DK 
C: IJ h1 0 i U D ? R F>( :) T .1\ R I , Y 5 T t\ t~. T , X E '\1 D , Y :. N U , l' M X , JFW , ~~ X F , IW L , K )( E , K y E 
CU~MO~/D?C IZC5Q0,2),A~lA,5~~bA,~P 
C IJ 'v1 r1 0 N I 0 ~~ i·< I l ! , V , D X , D Y , ) K 
C U i·1 •1 0 r~ I D 7 i~ I XL F , Y H::: , .J X Y E 
CLJM;"'Oi·~IORo /.JKE 
cnMM0'\1/012 /J~!G 
Cu:·L'10N/ D L~R I I PR 
C C.H-1 i1 0 !\J IF UK/\ I X ~i C 50 l , Y S < 50 l , X E ( 50 l , Y E ( ':; 0 > , :::. U l 50 ) , K C E 
C t) '·11"'1 0 ;~ I M ~! i:.I'JD I t~ 1·. f\1 D , N :: N D , ~1 t. 'J , '\J E "J 
Cu~HO\iiJSIDO /JSD,J6l,JP 
D I :·11:: 1\! S I m; ~1 CJ J I c "'i > 
Dl~·1Cf\JSION ZX(lOOl,ZY<lOOl 
!' 0 \J f~ 1: 1\ U < S , 5 0 0 l 1 0 , I D 1 , I 0 2 , I D -~ , 1 D 4- , I D 5 ' ~ 0 J 1 
SOO F:..Ji~:"'AT( I2,3X,5I'J,30X,5A4l 
H·_\ID.LT.l.OR,ID.GT.l3l 30 TJ 110 
GU TO <1,2,3,4,5,6,J,8,9,10,11'12'13l,JD 
1 WRITE<6,601liO,MOJI 
6 0 ] F u i ( :'1 A T ( 1 H 0 ,; I ' 2 X ' I ,~ I , I 2 ' I )~ I , 6 8 X ' '::>A 4 ) 
I( 1 I·W U = I D 1 
Klr·WV=ID2 
Kl:UDX=ID5 
K 1 fHJ D Y = I D 4 
K I ;,JDK= I 05 
Wh! I T E ( 6, 6 1 0 l KIN DLJ , K I \J 0 V, <I \J D) X 'K I N U D Y 'I< IN 0 < 
6 1 0 F J ~~ ,vj A T ( 1 H 0 ' :S X ' I I< I N 0 u = I ' I 3 ' ") X ' I K I N I) v = I ' I _, , s X ' 
l '1<11\JDOX =', 13,')>\, 'r<.INUDY = 1 , I.~t5X, 1 KINOK =', J3,1l 
GU TO 100 
2 \•J ~~ I T E ( 6 , 6 0 1 l I [) , M 0 J I 
REA0(5,502lKXE,KYE,XSTART,YSTART,XtND,YEND 
5 0 2 1.: ~ l I< :1 A T ( 2 I 5 , '• F 1 0 • 0 l 
~~!TEC6t615 )KXEtKYEtXSTART,YSIARitXEND,YE'J0 
615 FURMAT<lHQ,jX,5HKXE =,I4,5X,~Hr<.YE =,I4,5XtSHXSTART ::,fl0.4,5Xt 
1 8HYSTART =tF10,4,5Xtb.-iXtND =tr1:_,4,5X,6HYEND =,F1U.4,/) 
l"lA[=KXF.-1 
I~ Y E = K Y E- 1 
Ir<KXE.E~.ll GO TO YOO 
0 1'1 X = < X E !\J 0 - X STAR T ) I F L J A T ( "1 X c l 
c;o ro 901 
9 0 8 0 •·1 X:: 0 , 0 
9 0 1 UJ IH I N U E 
l~<KYE.EQ.ll GO 1·0 Y02 
DMY=<YEND-YSTARfl/FLJAT<~YEl 
GO TO 903 
9 0 ? [) !1V = 0 • 0 
903 cur~THJliE 
N P = r<. X E ;l- K Y t: 
l'J F <'t = 11 X F ~~ 1"1 Y E 
S A F~ [ A = f'l rv1 X -;~ [) ~1 Y 
M r· A= S /\I~ E i\ l( F l 0 ,'\ r C N E 4 ) 
~k!TE(6,62nlOMX·DMY,\JP,NE4,AREA,SAkEA 
6 2 0 F ilf( i"i A T Cl H 0 ' I ' 5 X ' I 0 M X = I ' = 1 2 • 4 , '::> X , I ~J M y ~ I ' F 1 2 • 4 , 5 X , 
B-6 
~ JLHC·· . I') II Nc-; OS/-f~M··ul·-00 TDJ 
S 0 U R C E j T /1. lT '"1 H~ T 
l I f\j p ::- I ' I 5 ' •:; X , I N::: 4 :: I ' ! :-, ' 5 f... ' • /\ < E 1\ .. ' ' I 12 • 5 ' 5 X ' I s ~\ R E /'. = I ' F 12 • 4 ' 
2 /) 
Z Y C 1 ) = Y S T ;\ R T 
ZX<ll=XSTMH 
IF<KYE.EQ.ll Gn TO Y04 
DU 23 I=?.dYE 
I l = I - 1 
2:~ lYCl>=ZY<lll+DMY 
904· C•J:;rrrwc: 
If<KXE.EQ,l> GO TO 200 
DU 22 .J::?.,KXE 
Jl=J-1 
2? l;<<J>=ZXCJ1)+01'1X 
200 DU 24 !=l,KYE 
DU 24 .J::l,KXE 
K = < I - 1 l ~~ K X F. t- J 
2,02 Zi1<,l l=ZX<J) 
2'• ?.<K,2l=ZY<I> 




11>1 ii 1 T r: < t) , 6 3 0 l lJ , V , [') X , lJ '( , J K 
63C FOi{~4AT<lHo,_5x,•u =•,Ft0,2,5x,•v =',fl0.2,~x, 
1 'OX =',F12. 1-t,?X, 1 0i =',fl?,4,5Xt'DK :: 1 ,Fl2.5 ,/) 





640 Fi.JI~~1AT<lH0,3X, 1 KCE =1 ,I3,5X,'KLJl =',IS,/) 
RfADc5,540lCXS< I ),y~(l),XECl),Yfl l l,(Qt l>,J=l,KCEl 
540 FJRMAT<5FlO.Ol 
WH!TE(6,642l(l,XS(ll,yS<Il,XE( I ),Yt(Jl,CQIJ),I=l9KCEl 
64?. FUI~MAT< lH ,/(5X,J5,,:=16 1 7)) 
CifJ TO 100 
5 \.,J r' I T E C n , 6 0 1 l I 0 , ~1 0 J I 
11t::IW= I Dl 
NU.!D =I U2 
Mt.-.f.J =I 03 
Nrf.~=ID4 
WR!TE<6,650lMENO,NENJ,~E~,~E~ 
650 FUf{f1AT<lHOdX, 1 MENO =' ,Y5,~X, 1 NEND ::', !5,'1X, 'MEN = 1 ,I5,5X' 'NEN =0 9 
l I 5 ,t l 





lrJ fn T E ( 6 , 6 b 0 l J S D ,J P , J ~ 
660 FURf1AT<lHCJ,3X,•JSD =',I5,5X, 1 JP ::',J5'~'X,'JQ =',[5,5X,/) 
CiU TO 100 
7 W~ITf(6,60lliO, MOJJ 
J1: YE =I D 1 
h!I\ITE<t,670lJXYf. 
670 FU0'r-1AT<lHQ,:~x,•JXYf =',J3,/) 
B-7 
FDkTRAN flAT f.\ 
SOURCF ~TATEME~l· 
IF<JXYE,EU.O) GO TO 100 
I\!:. AD C 5, 570 l XLE, YHE 
570 FURMAT<2F10.Q) 
WklTE<6,67llXLE,YHE 
671 FUHMAT<lHOdX,•XLE =',Fl0.~?,5X,'YHt_ =',Fl0.2,/) 
Cill TO 100 
8 \·J 1-< I T E < n , 6 0 1 > I D , 11 0 J I 
.JKE=!Dl 
~H< I T E < 6 , 6 ti 0 l J K F 
o80 FUI~i'1AT(li"J0,3X,•JKE =',15,/l 






681. FORMAT<1H ,/(4(5X,J5,2Fl0,2l)) 
GU TO 100 
9 GU TD 100 
10 GU TO 100 




~m I T E < 6 , 6 612) I P R, JF I S 
6ol2 FLJRtv:ATClHO,:SX,•IPR ='ti3,5X,'Jt-ICi ='d~t/l 
IF C I PR, EQ, 0 > GO T 0 10 0 
lilJ TO lOC 
13 WRITEc6,6194)10 
D~/-BM-ul·-00 TDl 
e199 FURMAT<lH0,;/,2X,2HH ,I2,2H n,~X,llHDAlA FINISH,/) 
Gt.J TO 1001 
110 WRITEC6,6!10liO 
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